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Abstract
In this paper, we review classical and quantum field theory of massive non-interacting
spin-two fields. We derive the equations of motion and Fierz-Pauli constraints via three
different methods: the eigenvalue equations for the Casimir invariants of the Poincaré group,
a Lagrangian approach, and a covariant Hamilton formalism. We also present the conserved
quantities, the solution of the equations of motion in terms of polarization tensors, and the
tree-level propagator. We then discuss canonical quantization by postulating commutation
relations for creation and annihilation operators. We express the energy, momentum, and
spin operators in terms of the former. As an application, quark-antiquark currents for tensor
mesons are presented. In particular, the current for tensor mesons with quantum numbers
J
P C = 2−+ is, to our knowledge, given here for the first time.
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1 Introduction
A first important step toward the understanding of elementary and composite particles in a rela-
tivistic context was made by O. Klein and W. Gordon: the so-called Klein-Gordon (KG) equation
gives the correct relation between mass, energy, and momentum of all relativistic particles and is
capable of describing the dynamics of scalar fields in the non-interacting limit. It can be used to
study pions and other (pseudo-)scalar mesons as well as the recently discovered Higgs particle.
A fundamental property which naturally emerges when special relativity is applied to classical
and quantum field theories is the spin, which is semi-integer for fermions and integer for bosons.
P. Dirac introduced the famous Dirac equation for fermions with spin 1/2, which was able to
describe relativistic electrons and leads to the correct energy levels of the hydrogen atom. The
Dirac equation forms the basis for the description of all fundamental matter particles in the
Standard Model, i.e., the quarks and leptons. It can also be used to describe composites of
quarks, e.g. baryons with spin 1/2.
Later on, A. Proca [1] developed an equation which describes massive particles with spin one.
Nowadays the Proca equation finds an application in effective theories for hadrons, in order to
describe composite vector and axial-vector mesons, such as e.g. ρ and a1 mesons. In the limit of
zero masses, the Proca equation correctly reproduces the (inhomogeneous) Maxwell equation for
the photon field.
At present, no fundamental particle with spin larger than one appears in the Standard Model.
However, in an extension of the latter which encompasses the gravitational force, gravitons as
spin-two particles might enter. On the other hand, composite particles with high spin exist: for
instance, in the baryonic sector the famous ∆ particle has spin J = 3/2, while in the mesonic
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sector there is a whole class of tensor mesons (J = 2 with different parity and charge conjugation
quantum numbers). At the same time, the quantum field-theoretical description of particles with
arbitrary spin is an interesting subject on its own. This field was initiated by Fierz [2] and Fierz
and Pauli in 1939 [3], where they postulated the so-called Fierz-Pauli constraints.
In the present work, we focus on the classical and quantum field theory of massive non-
interacting spin-two fields. Although these have been subject of many works [2, 3, 7, 9–12, 14,
16–20, 23, 26], usually only certain aspects of the theory of spin-two fields have been considered
and a comprehensive review is still missing. With this work, we aim to fill this gap. In addition, we
emphasize the importance of deriving the Fierz-Pauli constraints from fundamental principles. We
also present the operators for energy, momentum, and spin of spin-two fields in terms of number
operators, which to our knowledge has not been shown before.
This paper is organized as follows. In Sec. 2 we discuss the classical theory of spin-two fields.
We derive the equations of motion and the Fierz-Pauli constraints via three different methods.
The first is based on the observation that fields with a given spin form irreducible representations
of the Poincaré group. Thus, they must fulfill eigenvalue equations for the two Casimir operators
of this group. From these, we demonstrate how to extract the equations of motion and the Fierz-
Pauli constraints. The second method is the conventional Lagrangian approach: one postulates
a Lagrangian from which one derives the equations of motion and the Fierz-Pauli constraints via
the Euler-Lagrange equations. The third method is a novel approach based on a Lorentz-invariant
Hamilton density which is obtained from the Lagrangian via a covariant Legendre transformation,
i.e., by also replacing spatial derivatives of the field by canonically conjugate fields. Equations of
motion and Fierz-Pauli constraints emerge from the covariant canonical equations and agree with
the results obtained with the other two methods. We also derive the energy-momentum tensor
and conserved quantities and we present the solution of the equations of motion in terms of a basis
of polarization tensors for spin-two fields. We conclude this section by presenting the tree-level
propagator.
In Sec. 3 we quantize the classical spin-two field via postulating commutation relations for
the creation and annihiliation operators. We also present the Hamilton, momentum, and spin
operators. In particular, the z-component of the spin operator assumes a simple and physically
intuitive form. We conclude this work with a summary and an application to quark-antiquark
currents for tensor mesons with quantum numbers JPC = 2++, JPC = 2−−, and JPC = 2−+.
In particular, the latter is – to our knowledge – presented here for the first time. Many technical
details are relegated to various appendices. Our units are ~ = c = 1 and the metric tensor is
gµν = diag(+,−,−,−).
2 Classical spin-two fields
In this section we first discuss the classical equations of motion for non-interacting massive spin-two
fields. Here, we follow a novel approach which is based on the observation that the representations
of any group can be classified according to the eigenvalues of the respective Casimir operators.
Therefore, a field in a given representation of a symmetry group has to fulfill eigenvalue equations
for the Casimir operators of this group. The Casimir operators are functions of the generators of
the group. In our case, the symmetry group is the Poincaré group. As a first step, we therefore
construct the generators of this group in the representation for spin-two fields. We then compute
the Casimir operators in this representation and show that the respective eigenvalue equations
for these operators comprise the equations of motions as well as the Fierz-Pauli constraints for
the fields. In this section, we focus on spin-two fields. However, for the sake of the completeness,
we demonstrate the validity of this approach also for spin-1/2, spin-one, and spin-3/2 fields in
App. D. Next, we shall also discuss the more conventional derivation of the equations of motion
and the constraints for spin-two fields from a Lagrangian. In the construction of this Lagrangian
we put special emphasis on the fact that the equations of motion as well as the constraints must
follow from the Euler-Lagrange equations. Subsequently, we construct a covariant extension of
the conventional Hamilton density and show that the equations of motion and constraints follow
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also from the canonical equations. At the end of this section, we list the conserved quantities,
solve the classical equations of motion for non-interacting massive spin-two fields, and quote the
tree-level propagator for spin-two fields.
2.1 Generators of the Poincaré group
The fundamental symmetry that each relativistic classical and quantum field theory has to fulfill is
form invariance under Poincaré transformations which include space-time translations and Lorentz
transformations, see e.g. Ref. [4, p.55-64]. The four-vector xµ of space-time coordinates transforms
under Poincaré transformations as
xµ −→ x′µ = Λµνxν + aµ , (1)
where aµ is a real four-vector and Λµν is the (4 × 4)-matrix of Lorentz transformations fulfilling
gµνΛµαΛ
ν
β = gαβ. The corresponding infinitesimal transformation reads
xµ −→ x′µ = xµ + δωµνxν + ǫµ , (2)
where δωµν = −δωνµ is an infinitesimal rank-two tensor and ǫµ an infinitesimal four-vector.
The algebra of the Poincaré group involves the six generators Iαβ of the Lorentz group and
the four generators Pα of space-time translations,[
Iαβ , Iγδ
]
−
= i
(−gαγIβδ + gαδIβγ + gβγIαδ − gβδIαγ) , (3)[
Pα, P β
]
−
= 0 , (4)[
P γ , Iαβ
]
−
= i
(
gγαP β − gγβPα) . (5)
We now determine the generators in the representation for spin-two fields.
2.1.1 Generators for translations
In order to derive the generators Pα for translations we require, as usual [5], that the new field
T ′µν at the translated coordinate x′τ is equal to the old field T µν at the original coordinate xτ :
T ′µν(x′τ ) = T µν(xτ ) . (6)
Adding T ′µν(xτ ) to both sides of this equation, this can be arranged into
T ′µν(xτ ) = T µν(xτ )− [T ′µν(x′τ )− T ′µν(xτ )] . (7)
It is sufficient to consider infinitesimal translations, cf. Eq. (2). Thus we may expand the term in
brackets to first order in ǫτ ,
T ′µν(xτ ) = T µν(xτ )− [T ′µν(xτ ) + ǫα∂αT ′µν(xτ ) +O(ǫ2)− T ′µν(xτ )]
= T µν(xτ )− gµσgνρǫα∂αT σρ(xτ ) +O(ǫ2) , (8)
where to order O(ǫ2) we were allowed to replace ∂αT ′µν(xτ ) ≡ ∂αT µν(xτ ). On the other hand,
a space-time translation of a field can be expressed in terms of a group element acting on the
original field:
T ′µν(xτ ) = exp (−i aαPα) µ νσ ρ T σρ(xτ ) , (9)
where aα is the translation vector, cf. Eq. (1), and (Pα)µ νσ ρ is the generator for translations in
spin-two field representation. For infinitesimal translations aα −→ ǫα and we may expand the
exponential in Eq. (9) to obtain
T ′µν(xτ ) =
[
gµσg
ν
σ − i ǫα(Pα)µ νσ ρ +O(ǫ2)
]
T σρ(xτ )
= T µν(xτ )− i ǫα(Pα)µ νσ ρT σρ(xτ ) +O(ǫ2) . (10)
Comparing this result with Eq. (8) one extracts the generators for translations as
(Pα)µ νσ ρ = −i gµσgνρ∂α . (11)
2 CLASSICAL SPIN-TWO FIELDS 5
2.1.2 Generators for Lorentz transformations
We apply the same method as in the preceding subsection to derive the generators Iαβ for Lorentz
transformations. We start with the Lorentz transformation of a rank-two tensor,
T ′µν(x′τ ) = Xµ νσ ρT
σρ(xτ ) = ΛµσΛ
ν
ρT
σρ(xτ ) . (12)
This equation describes the relation between the transformed field T ′µν at the new position x′τ and
the original field T µν at the old position xτ . Note that both field and coordinate are transformed.
In consequence, this relation only yields the part of the generator which is related to the spin
of the field, whereas the part that is related to angular momentum will not appear. In order to
extract the complete expression for the generators of Lorentz transformations in spin-two field
representation, one has to compare the transformed field T ′µν with the original one T µν at the
same coordinate xτ . As in Eq. (7), this is done by adding T ′µν(xτ ) to both sides of Eq. (12) and
rearranging the terms into the form
T ′µν(xτ ) = ΛµσΛ
ν
ρT
σρ(xτ )− [T ′µν(x′τ )− T ′µν(xτ )] . (13)
For infinitesimal transformations, cf. Eq. (2), we replace Λµσ −→ gµσ + δωµσ +O(δω2) and expand
the term in brackets to first order in δωτσx
σ:
T ′µν(xτ ) =
[
gµσ + δω
µ
σ +O(δω
2)
] [
gνρ + δω
ν
ρ +O(δω
2)
]
T σρ(xτ )
− [T ′µν(xτ ) + δωαβxβ∂αT ′µν(xτ ) +O(δω2)− T ′µν(xτ )] . (14)
To first order in δω, we may replace ∂αT ′µν(xτ )→ ∂αT µν(xτ ). We now make explicit use of the
antisymmetry of δωαβ. This is important, since otherwise we will not obtain the correct expression
for the generators Iαβ . Equation (14) can then be rewritten as
T ′µν(xτ ) = T µν(xτ ) +
δωαβ
2
[
gµσ(g
ναgβρ − gνβgαρ ) + gνρ(gµαgβσ − gµβgασ)
+ gµσg
ν
ρ(x
α∂β − xβ∂α)]T σρ(xτ ) +O(δω2) . (15)
A Lorentz transformation of the rank-two tensor field can also be written in terms of an element
of the Lorentz group acting on this field,
T ′µν(xτ ) = exp
(
−i ωαβ
2
Iαβ
)µ ν
σ ρ
T σρ(xτ ) , (16)
where (Iαβ)µ νσ ρ are the generators for Lorentz transformation in the rank-two tensor field repre-
sentation. For an infinitesimal transformation, ωαβ −→ δωαβ , the exponential can be expanded,
T ′µν(xτ ) =
[
gµσg
ν
ρ − i
δωαβ
2
(Iαβ)µ νσ ρ +O(δω
2)
]
T σρ(xτ )
= T µν(xτ )− i δωαβ
2
(Iαβ)µ νσ ρT
σρ(xτ ) +O(δω2) . (17)
By comparing Eqs. (15) and (17), we read off the generators as
(Iαβ)µ νσ ρ = i
[
gµσ(g
ναgβρ − gνβgαρ ) + gνρ(gµαgβσ − gµβgασ ) + gµσgνρ(xα∂β − xβ∂α)
]
. (18)
This procedure to obtain the explicit form of the group generators has also been employed e.g. in
Reinhardt & Greiner [5, p.119,148,149] and Greiner [6, p.391-392]. For an application to spin-1/2,
spin-one, and spin-3/2 fields, see App. D.
The generators (18) can be decomposed into a spin part (Sαβ)µ νσ ρ and an angular momentum
part (Lαβ)µ νσ ρ:
(Sαβ)µ νσ ρ = i
[
gµσ(g
ναgβρ − gνβgαρ ) + gνρ(gµαgβσ − gµβgασ )
]
, (19)
(Lαβ)µ νσ ρ = i g
µ
σg
ν
ρ(x
α∂β − xβ∂α) . (20)
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The result for the spin part (Sαβ)µ νσ ρ agrees with that given in Ref. [7, p.213], where it was
termed ‘spin operator’. This denotation is, however, not quite correct, as we shall see in Sec. 2.6,
because it is only part of the spin operator.
In order to check whether Eqs. (11) and (18) are the correct expressions for the generators of
the Poincaré group in the representation appropriate for rank-two tensor fields, it is necessary to
prove that they fulfill the group algebra (3) – (5). This is explicitly demonstrated in App. A. As
is shown there, (Sαβ)µ νσ ρ and (L
αβ)µ νσ ρ fulfill the Lorentz algebra (3) separately. On the other
hand, relation (5) is only fulfilled, if the complete generator (Iαβ)µ νσ ρ = (S
αβ)µ νσ ρ + (L
αβ)µ νσ ρ
is used. This is due to the fact that the spin part (Sαβ)µ νσ ρ, which is closely linked to Lorentz
boosts, commutes with (Pα)µ νσ ρ, whereas rotations, which are generated by (L
αβ)µ νσ ρ, do not
commute with translations.
2.2 Eigenvalue equations for the Casimir operators
The Casimir operators Ci of a group are the operators which commute with all generators of the
group. This means that these operators and their eigenvalues are invariant under the symmetry
transformations of the group. In consequence, the eigenvalues of these operators can be used to
classify the representations of the group. The Poincaré group has two Casimir operators,
C1 ≡ P 2 = PαPα , (21)
C2 ≡W 2 =WαWα = −1
2
IαβI
αβP 2 + IγβI
αβPαP
γ , (22)
where
Wα = −1
2
ǫαβγδIβγPδ = −1
2
ǫαβγδPβIγδ (23)
is the so-called Pauli-Lubanski pseudovector. The expression on the right-hand side of Eq. (22)
is proven in App. B. The last equality in Eq. (23) follows from the commutation relation (5) and
the antisymmetry of the Levi-Civita tensor. The eigenvalue of C1 is the squared mass m2 of the
particle, while the eigenvalue of C2 is −m2s(s + 1), where s is the spin of the particle, see e.g.
Ref. [4, p.55-64].
The next step is to find the equations of motions for a field of a given spin. The standard
approach is the Bargmann-Wigner method [8] (see also Refs. [6, chap.15] and [9, p.63]). Another
way is to use projection operators as discussed in Ref. [10, p.1684ff] and further elaborated in
Ref. [7, p.213-217] for the spin-two case. In the following we present yet another, and to our
knowledge novel, way to derive the equations of motion as well as the Fierz-Pauli constraints.
This will be done via eigenvalue equations for the Casimir operators. In this section, we apply
this approach to rank-two tensor fields Tαβ. In App. D we demonstrate its validity for spin-1/2,
spin-one, and spin-3/2 fields. Therefore, we conjecture that it is valid also for fields with arbitrary
spin.
The eigenvalue equation for the first Casimir operator C1 (21) reads:
(P 2)µ νγ δT
γδ = (Pα)
µ ν
σ ρ(P
α)σ ργ δT
γδ = m2T µν . (24)
Using the generator (11) for translations in spin-two field representation, this equation becomes
the well-known Klein-Gordon (KG) equation:
−T µν = m2T µν . (25)
We now proceed by computingW 2 from Eq. (23) in rank-two tensor field representation, i.e., using
Eqs. (11) and (18). As shown in App. C, the result is
(W 2)µ νγ δ = 2
[(
2gµγ g
ν
δ − gµνgγδ + gµδ gνγ
)

+ gγδ∂
µ∂ν + gµν∂γ∂δ − gνδ ∂µ∂γ − gµγ∂ν∂δ − gνγ∂µ∂δ − gµδ ∂ν∂γ
]
. (26)
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In analogy to Eq. (24) one obtains the eigenvalue equation for C2 = W 2, acting on a rank-two
tensor field, as
(W 2)µ νγ δT
γδ = −m2s(s+ 1)T µν , (27)
where we have to set s = 2. Using the explicit expression (26) for W 2, one obtains with the
abbreviation T µµ ≡ T :
−6m2T µν = 2 (2T µν − gµν T +T νµ
+ ∂µ∂νT + gµν∂γ∂δT
γδ − ∂µ∂γT γν − ∂ν∂δT µδ − ∂µ∂δT νδ − ∂ν∂γT γµ
)
. (28)
We now employ Eq. (25) to obtain
0 = m2 (T µν + gµν T − T νµ)
+ ∂µ∂νT + gµν∂γ∂δT
γδ − ∂µ∂γT γν − ∂ν∂δT µδ − ∂µ∂δT νδ − ∂ν∂γT γµ . (29)
A rank-two tensor can always be decomposed into a part which is symmetric, T µνs = (T
µν+T νµ)/2,
and one which is antisymmetric, T µνa = (T
µν − T νµ)/2. For the latter, Eq. (29) reduces to
0 = 2m2T µνa −→ T µνa = 0 , (30)
if m2 6= 0. This means that a spin-two field can be described by a symmetric rank-two tensor.
For the remainder of the calculation, we may now take T µν to be symmetric. Then, Eq. (29)
becomes
0 = gµν m2T + ∂µ∂νT + gµν∂γ∂δT
γδ − 2 ∂µ∂γT γν − 2 ∂ν∂γT γµ . (31)
Taking the trace, we obtain using the KG equation (25)
0 =
(
4m2 +
)
T = 3m2T −→ T = 0 , (32)
i.e., the symmetric rank-two tensor field describing spin-two particles is traceless. Using this fact
and taking the four-divergence of Eq. (31) leads to
0 = −∂ν∂γ∂δT γδ − 2 ∂γT γν . (33)
Taking the four-divergence again gives (yet again employing the KG equation)
0 = −3 ∂γ∂δT γδ = 3m2∂γ∂δT γδ −→ ∂γ∂δT γδ = 0 . (34)
Inserting this back into Eq. (33) we obtain (again using the KG equation)
0 = −2 ∂γT γν = 2m2∂γT γν −→ ∂γT γν = 0 . (35)
In summary, the eigenvalue equations (24), (27) for the two Casimir operators have been shown
to be equivalent to the following equations for a spin-two field:
0 = (+m2)T µν , (36)
0 = T µν − T νµ , (37)
0 = gµνT
µν , (38)
0 = ∂µT
µν , (39)
cf. Eqs. (25), (30), (32), and (35). Equation (36) is the equation of motion for the rank-two tensor
field, i.e., each component obeys the KG equation. Equations (37), (38), and (39) are additional
equations known as Fierz-Pauli constraints. These constraints constitute 6+1+4 = 11 additional
conditions which reduce the number of degrees of freedom of a rank-two tensor field from 16 to
16−11 = 5. These are just the 2s+1 = 5 spin projections or polarization directions for a spin-two
particle.
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The generalization of Eqs. (36) – (39) for arbitrary spin was already provided by Fierz [3, p.5-
8,18-20] and in a more modern notation by Bouatta et al. [11, p.1], Huang et al. [9, p.65,66], and
Chang [12, p.2]. For arbitrary integer spin N (bosons) they read
0 = (+m2)φµ1···µN ,
0 = φµ1···µi···µj ···µN − φµ1···µj ···µi···µN ∀ 1 ≤ i 6= j ≤ N ,
0 = gµiµjφ
µ1···µi···µj ···µN ∀ 1 ≤ i 6= j ≤ N ,
0 = ∂µiφ
µ1···µi···µN ∀ 1 ≤ i ≤ N ,
and for arbitrary semi-integer spin (fermions) they are
0 = (+m2)ψµ1···µN ,
0 = (i/∂ −m)ψµ1···µN ,
0 = ψµ1···µi···µj ···µN − ψµ1···µj ···µi···µN ∀ 1 ≤ i 6= j ≤ N ,
0 = gµiµjψ
µ1···µi···µj ···µN ∀ 1 ≤ i 6= j ≤ N ,
0 = ∂µiψ
µ1···µi···µN ∀ 1 ≤ i ≤ N ,
0 = γµiψ
µ1···µi···µN ∀ 1 ≤ i ≤ N .
For the general determination of the number of degrees of freedom see Ref. [3] and the works of
Barut & Raczka [13, p.635] and Huang [9, p.63].
2.3 Lagrangian
In this section, we discuss the derivation of the equations of motion and the Fierz-Pauli constraints
from a suitably defined Lagrangian. This Lagrangian was already given in Ref. [14, p.3] and reads
L = 1
8
[∂µ (Tαβ + Tβα)] ∂
µ
(
Tαβ + T βα
)− 1
2
(∂µT )∂
µT − 1
4
[
∂α
(
Tαβ + T βα
)]
∂µ (Tµβ + Tβµ)
+
1
2
[∂µ (T
µν + T νµ)] ∂νT − m
2
8
(Tµν + Tνµ) (T
µν + T νµ) +
m2
2
T 2 . (40)
In the following we shall explicitly demonstrate that this Lagrangian leads to Eqs. (36), (37), (38),
and (39) via the Euler-Lagrange equations
∂µ
∂L
∂(∂µTαβ)
− ∂L
∂Tαβ
= 0 . (41)
Inserting the Lagrangian (40) into the Euler-Lagrange equations we obtain
0 =
1
2
 (Tµν + Tνµ)− gµν T − 1
2
∂µ∂
α (Tαν + Tνα)− 1
2
∂ν∂
α (Tαµ + Tµα)
+ ∂µ∂νT + gµν
1
2
∂α∂β
(
Tαβ + T βα
)
+
m2
2
(Tµν + Tνµ)− gµνm2T . (42)
Note that only the symmetric combination Tαβ + T βα enters these equations, i.e., only the sym-
metric part of Tαβ is a dynamical quantity. The antisymmetric part does not play any role. Of
course, this is a consequence of the way the Lagrangian (40) is constructed. Nevertheless, one
should not assume from the very beginning, i.e., in the Lagrangian itself, that Tαβ is symmetric,
otherwise one will not obtain the correct form of the covariant Hamilton density and the tree-level
propagator, see Secs. 2.4 and 2.8.
In the following, we shall therefore assume that Tαβ = T βα, i.e., that Eq. (37) holds. Then,
Eq. (42) simplifies to
0 = Tµν − gµν T − ∂µ∂αTαν − ∂ν∂αTµα + ∂µ∂νT + gµν∂α∂βTαβ +m2Tµν − gµνm2T . (43)
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This equation is known as the Fierz-Pauli equation, cf. Hinterbichler [15, p.16]. We now take the
four-divergence, in analogy to the discussion in Sec. 2.2 and in Ref. [15, p.16]. This is similar to
the derivation of the Proca equation (cf. Reinhardt & Greiner [5, p.152,153]). After cancelling
identical terms, we obtain
∂µT
µν = ∂νT , (44)
which can be reinserted into Eq. (43), resulting in
0 = Tµν − ∂µ∂νT +m2Tµν − gµνm2T .
Taking the trace, we see that
0 = −3m2T ,
i.e., the rank-two tensor field is traceless, which is Eq. (38). Using this fact in Eq. (44) yields
the Lorentz condition (39). Finally, using T = 0 and ∂µT µν = 0 in Eq. (43), we obtain the
KG equation (36). This completes the derivation of the equations of motion and the Fierz-Pauli
constraints starting from the Lagrangian (40).
The Lagrangian (40) is different from the ones used in other works. Usually some of the
Fierz-Pauli constraints are introduced from the beginning and are not extracted via the Euler-
Lagrange equations, see for instance Baaklini & Tuite [16, p.13], Wagenaar & Rijken [17, p.3],
Rivers [18, p.395], and Hinterbichler [15, p.13]. Indeed, even in the very first discussion of spin-
two fields by Fierz & Pauli the assumption is made that the tensor field T µν is symmetric and
traceless [2, p.216]. Alternatively, some authors introduced additional auxiliary fields (Lagrange
multipliers) in the Lagrangian in order to derive the equations of motion and the constraints, see
Fierz & Pauli [2, p.216] and Chang [12, p.1310], while other authors derive their Lagrangian from
projection operators [7, p.219-223]. In this context we would also like to mention the seminal work
by Bhargava & Watanabe [19], who quoted a Lagrangian for the complex spin-two field. Finally,
we also refer to the works of Dalmazi [20] and Bouatta et al. [11], who include several arbitrary
parameters in the Lagrangian, which are then fixed by physical requirements.
2.4 Covariant Hamilton density
In this section, we discuss the derivation of the equations of motion and the Fierz-Pauli constraints
from a covariant Hamilton density and the pertaining canonical equations. This procedure is
described e.g. in Refs. [21, p.3,4] and [22], to which we refer for details. To this end, one has to
perform a so-called complete Legendre transformation of the Lagrangian, i.e., one not only replaces
the temporal derivatives ∂0φI of a field φI but also its spatial derivatives ~∇φI by associated
canonically conjugate fields. Consequently, if the field φI is a Lorentz tensor of rank n, then these
form a Lorentz tensor of rank n+ 1 defined as
πµI =
∂L
∂(∂µφI)
. (45)
Then, the so-called covariant Hamilton density Hcov reads
Hcov(φI , πµI ) = πµI ∂µφI − L(φI , ∂µφI) . (46)
Note that this quantity is manifestly Lorentz-invariant. The canonical equations can derived from
a variational principle as [21]
∂Hcov
∂πµI
= ∂µφI , (47)
∂Hcov
∂φI
= −∂µπµI . (48)
The difference between the covariant Hamilton density Hcov and the usual Hamilton density H
will be clarified when we discuss the energy-momentum tensor in Sec. 2.5.
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In the case of the spin-two field the canonically conjugate field is given by
Πσργ =
∂L
∂ (∂γTσρ)
= +
1
2
∂γ (T σρ + T ρσ)− gρσ∂γT + 1
2
(gγσ∂ρT + gργ∂σT )
− 1
2
gγσ∂µ (T
µρ + T ρµ)− 1
2
gγρ∂µ (T
σµ + T µσ) +
1
2
gρσ∂µ (T
µγ + T γµ) . (49)
Note that at this stage no assumption about T σρ is made. In particular, the Fierz-Pauli constraints
are not used at this stage but, as we shall see, follow from the canonical equations. This means
that also the unphysical degrees of freedom of T σρ enter in Eq. (49). We now derive the covariant
Hamilton density via performing the complete Legendre transformation for the spin-two field (46),
for details see App. E. The result is
Hcov = +1
2
ΠσργΠ
σργ − 1
4
Π αα γΠ
βγ
β −
1
6
Π ασα Π
σ β
β −
1
6
Π ααρ Π
ρβ
β
+
m2
8
(Tµν + Tνµ) (T
µν + T νµ)− m
2
2
T 2 . (50)
In App. F it is shown that Eqs. (36), (37), (38), and (39) follow from the canonical equations
(47), (48) with the Hamilton density (50). This proves that the covariant Hamilton formalism
is an alternative approach which is completely equivalent to the Lagrangian description. For
the standard non-covariant Hamilton density for the spin-two field, see for example Baaklini &
Tuite [16, p.13], which takes into account all constraints of the spin-two field. This standard
Hamilton density is the 00–component of the energy-momentum tensor and related to the energy
of the field, cf. Eq. (56). However, from this Hamilton density one cannot derive all constraints
for spin-two fields. Wagenaar & Rijken circumvented this problem by adding Lagrange multipliers
for the constraints to a non-covariant Hamilton density [17, p.5]. Then, they were able to derive
the equations of motion and the constraints from this Hamilton density.
2.5 Energy-momentum tensor
The energy-momentum tensor of the spin-two field is given by:
Θµν =
∂L
∂ (∂µTαβ)
∂νT
αβ − gµνL
=
1
2
(∂µTαβ + ∂µTβα) ∂νT
αβ − (∂µT ) ∂νT
− 1
2
(∂νTµα + ∂νTαµ)
(
∂βT
αβ + ∂βT
βα
)
+
1
2
(∂νTµα + ∂νTαµ) ∂
αT +
1
2
(∂αTαµ + ∂
αTµα) ∂νT − gµνL . (51)
Alternatively it is also possible to express the energy-momentum tensor in terms of the covariant
Hamilton density (46). Using the definition (45) of the canonically conjugate field, the Legendre
transformation (46), and the canonical equation (47), one obtains
Θµν = Παβµ
∂Hcov
∂Π ναβ
− gµν
(
Παβγ
∂Hcov
∂Παβγ
−Hcov
)
. (52)
Both expressions lead to equivalent results. In addition, it is now obvious that the standard
Hamilton density H ≡ Θ00 does not coincide with the covariant Hamilton density Hcov.
In general one is interested in the energy-momentum tensor for physical solutions. To this end,
one uses the Fierz-Pauli equations (36), (37), (38), and (39) to obtain:
Θµν = (∂µTαβ) ∂νT
αβ − gµν 1
2
[
(∂γTαβ) ∂
γTαβ −m2TαβTαβ
]
, (53)
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which coincides with the expression of Rivers [18, p.397]. (Also Bhargava & Watanabe mention
the importance of this tensor and claim that it is independent of all parameters they have in their
Lagrangian, but do not derive it explicitly [19, p.273].) In general, an energy-momentum tensor can
always be symmetrised, see Reinhardt & Greiner [5]. Here this is not necessary because the tensor
(53) is already symmetric in the indices µ and ν. Finally, the divergence of the energy-momentum
tensor vanishes, as expected for a system that is invariant under space-time translations:
∂µΘµν = (Tαβ) ∂νT
αβ + (∂µTαβ) ∂
µ∂νT
αβ − (∂γTαβ) ∂γ∂νTαβ +m2Tαβ∂νTαβ
=
(
∂νT
αβ
) (
+m2
)
Tαβ = 0 , (54)
where we used Eq. (36).
2.6 Conserved quantities
The aim of this section is to find the conserved quantities following from the Noether theorem.
The Lagrangian (40) is Poincaré-invariant. As is well known, space-time translation invariance
is responsible for the conservation of the four-momentum Pν =
∫
d3xΘ0ν . The time-like part
H = P0 =
∫
d3xΘ00 is usually referred to as the Hamilton function and coincides with the energy
of the system. Recall that it is not possible to derive all constraints from H , if one uses Θ00 from
Eq. (53), since the constraints have already been taken into account to derive this expression. We
now define
Παβ ≡ Παβ0 = ∂0Tαβ , (55)
where we used Eq. (49) and applied the constraints (37), (38), and (39). Then, using Eq. (53) the
explicit forms for H and ~P for spin-two fields are:
H =
1
2
∫
d3x
[
ΠαβΠ
αβ +
(
~∇Tαβ
)
· ~∇Tαβ +m2TαβTαβ
]
, (56)
~P = −
∫
d3xΠαβ ~∇Tαβ . (57)
A similar result for the Hamilton function H of the spin-two field was already given in Refs. [12,
p.1314] and [23, p.1262].
The remaining symmetry transformations are the Lorentz transformations, which imply the
conservation of angular momentum ~L and spin ~S, see e.g. Ref. [5, p.44-46]. In general the angular-
momentum density reads:
Lεη = Θ0ηxε −Θ0εxη . (58)
Then the m-component of the angular-momentum vector is
Lm =
1
2
εmnl
∫
d3xLnl
=
1
2
εmnl
∫
d3x
∂L
∂ (∂0Tαβ)
[(∂lTαβ)xn − (∂nTαβ)xl]
= −εmnl
∫
d3xΠαβ
(
∂nT
αβ
)
xl . (59)
The covariant spin density is defined as
Sεη = −i ∂L
∂ (∂0T µν)
(Sεη)µλνρ Tλρ
= −iΠµν (Sεη)µλνρ Tλρ
= Πµν
[(
gεµgηλ − gηµgελ) gνρ + (gενgηρ − gηνgερ) gµλ]Tλρ
= 2
(
ΠερT ηρ −ΠηρT ερ
)
, (60)
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where we used the symmetry of Παβ and Tαβ, as well as the definition of the spin part (19) of the
generator for Lorentz transformations in spin-two field representation. The m-component of the
spin vector is defined as
Sm =
1
2
εmnl
∫
d3xSnl
= 2 εmnl
∫
d3xΠnρT
ρ
l , (61)
where we used Eq. (60) and the symmetry of Παβ and Tαβ. Finally, in vector notation ~L and ~S
read:
~L =
∫
d3xΠαβ
(
~x× ~∇Tαβ
)
, (62)
~S = 2
∫
d3x ~Πρ × ~T ρ . (63)
Here we defined ~Πρ = Πnρ~en, ~T ρ = T ρn ~en, where ~en is the Cartesian unit vector in spatial n-
direction. Note that the factor 2 in front of expression (63) corresponds to the fact that our fields
are rank-two Lorentz tensors that obey the constraints (37), (38), and (39). As a consequence, if
the integral in Eq. (63) is properly normalized, the correct value for the spin arises already from
classical relativistic field theory, without any need of quantization. To our knowledge, expressions
(61) and (63) are novel results (for angular momentum, see Chang [12, p.1262]).
2.7 Solution of the equations of motion and polarization tensors
The solution of the free KG equation (36) for real-valued scalar [5, p.76f] and vector fields [5, p.160f]
is well known. This is easily generalized for spin-two fields,
Tµν (x) =
∫
d3k
√
2π
3
1
2ωk
5∑
λ=1
ǫµν(~k, λ)
[
a(~k, λ)e−ikx + a∗(~k, λ)e+ikx
]
k0=ωk
, (64)
where ωk =
√
~k 2 +m2 and where we introduced polarization tensors ǫµν(~k, λ) in generalization
of the polarization vectors ǫµ(~k, λ) of the spin-one case.
The polarization tensors can be explicitly determined using the constraints (37), (38), and
(39). When applied to Eq. (64) one obtains1:
ǫµν(~k, λ)− ǫνµ(~k, λ) = 0 , (65)
kµǫ
µν(~k, λ) = 0 , (66)
gµνǫ
µν(~k, λ) = 0 . (67)
We choose a specific solution fulfilling the orthonormality condition
ǫµν(~k, λ)ǫ
µν(~k, λ′) = δλλ′ . (68)
1Let us remark that, in the case of massless fields, one has additional constraints from the local (gauge) symmetry,
which further reduce the number of degrees of freedom. Consequently, this leads to a reduction in the number of
polarization vectors or tensors, respectively.
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In the rest frame of the field, where kµ = (m,~0)T , a possible choice is:
ǫµν(~0, 1) =
1√
2


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 , (69)
ǫµν(~0, 2) =
1√
2


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 , (70)
ǫµν(~0, 3) =
1√
2


0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

 , (71)
ǫµν(~0, 4) =
1√
2


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 , (72)
ǫµν(~0, 5) =
1√
6


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −2

 . (73)
In order to find a representation of these polarization tensors in another inertial frame, one has to
perform a Lorentz boost, see App. G.
The polarization tensors appear in several forms in different papers. Chang [23, p.1263] only
mentions the results without discussing the details and Hinterbichler [15, p.17-19] and Huang et
al. [9, p.67,68] give a short presentation of this topic. Note that, in the massless case (such as in the
case of the graviton), only two of these five tensors are needed. For example, Carroll uses λ = 1, 2
in his treatment of gravitational waves [24, p.151]. He also discusses interesting visualizations of
oscillations along these polarization directions [24, p.153,154] which are helpful to get a better
idea of the behavior of such fields.
An important property of the polarization tensors is the completeness relation, see App. H:
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ) =
1
2
(GµαGνβ +GµβGνα)− 1
3
GµνGαβ , (74)
where the tensor Gµν is defined as
Gµν ≡ gµν − kµkν
m2
. (75)
This tensor will appear again in the discussion of the tree-level propagator, Sec. 2.8, and when
quantizing the fields.
2.8 The tree-level propagator
The tree-level propagator for the spin-two field is well known, see e.g. Zee [25, p.35,36], and was
already described by Hinterbichler [15, p.21]. Here we derive it from the Lagrangian (40), which
we write in the form
L = 1
2
T νρD−1νραβT
αβ .
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Fourier-transforming the differential operator D−1νραβ into momentum space (and for the sake of
convenience denoting the result with the same symbol), we obtain2
D−1νραβ = +
1
2
(
k2 −m2) (gναgρβ + gνβgρα − 2 gνρgαβ)
− 1
2
(gρβkνkα + gραkνkβ + gναkρkβ + gνβkρkα − 2 gνρkαkβ − 2 gαβkνkρ) . (76)
The tree-level propagator Pαβσλ of the spin-two field is the inverse of this differential operator,
D−1νραβP
αβσλ =
1
2
(
gσν g
λ
ρ + g
λ
ν g
σ
ρ
)
. (77)
Note that the rank-four identity tensor is symmetric in all indices. In order to determine Pαβσλ
we write it as a sum of all possible rank-four tensors formed from kµ and the metric tensor3.
Choosing this expansion to be symmetric under the exchanges σ ↔ λ, α ↔ β, (σλ) ↔ (αβ), we
obtain:
Pαβσλ = A (gασgβλ + gαλgβσ) +B gαβgσλ
+ C (gβλkαkσ + gβσkαkλ + gασkβkλ + gαλkβkσ)
+D (gσλkαkβ + gαβkσkλ) + E kαkβkσkλ , (78)
with coefficients A,B,C,D,E that are determined in App. I. The result is
Pαβσλ =
GασGβλ +GαλGβσ − 23 GαβGσλ
2 (k2 −m2) . (79)
Note that our derivation of the tree-level propagator is based on the Lagrangian (40), which a
priori does not assume that the spin-two field is symmetric and traceless. In comparison, Wagenaar
& Rijken derive a non-covariant version of the tree-level propagator [17, p.10]. For other works
which discuss the tree-level propagator of spin-two fields, see Bhargava & Watanabe [19, p.276],
Macfarlane & Tait [7, p.223], Chang [12, p.1263], and Rivers [18, p.394].
3 Quantized spin-two fields
3.1 Canonical quantization
Various works show how to quantize a spin-two field by making use of the canonical commutation
relations. Here, we first provide a short description of this procedure and then apply it to the
conserved quantities. The first step in the procedure of second quantization is to promote the
fields to operators:
Tµν(x) −→ Tˆµν(x) , Πµν(x) −→ Πˆµν(x) . (80)
Then, the Fourier coefficients a(~k, λ) and a∗(~k, λ) become annihilation and creation operators:
a(~k, λ) −→ aˆ(~k, λ) , a∗(~k, λ) −→ aˆ†(~k, λ) . (81)
This leads to the following operators for the field and its canonically conjugate field, which can be
expressed in terms of the time derivative of the tensor field according to Eq. (55),
Tˆµν (x) =
∫
d3k
√
2π
3
1
2ωk
5∑
λ=1
ǫµν(~k, λ)
[
aˆ(~k, λ)e−ikx + aˆ†(~k, λ)e+ikx
]
k0=ωk
, (82)
Πˆµν(x) =
∫
d3k
√
2π
3
1
2ωk
5∑
λ=1
ǫµν(~k, λ)
[
−i ωk aˆ(~k, λ)e−ikx + i ωk aˆ†(~k, λ)e+ikx
]
k0=ωk
. (83)
2 Hinterbichler [15, p.21] obtains (aside from different sign conventions) the same result. Nevertheless, his
Lagrangian already accounts for the symmetry of the tensor fields. This requires that the analogue of the differential
operator (76) in his treatment must be symmetrized by hand.
3A similar approach is proposed in exercise 1.5.1 of Zee [25, p.39] to find the completeness relation (209), which
is the numerator of the tree-level propagator.
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Following the discussion in Sec. 2.7, these operators fulfill Eqs. (36), (37), (38), and (39).
There are two possibilities to proceed with quantization: (i) one postulates commutation rela-
tions for the fields (82), (83) and derives corresponding relations for the creation and annihilation
operators (81). This approach is rather similar to the discussion of the Poisson brackets in clas-
sical mechanics, see e.g. Baklini & Tuite [16, p.14] for the case of vector fields. Equivalently, (ii)
one may postulate commutation relations for the creation and annihilation operators and derives
corresponding relations for the fields, see e.g. the discussion in Reinhardt & Greiner [5, p.163] for
the Proca field. Here, we proceed with option (ii) and postulate[
aˆ(~k, λ), aˆ†(~k′, λ′)
]
−
= 2ωk δλλ′ δ
3(~k − ~k′) , (84)[
aˆ(~k, λ), aˆ(~k′, λ′)
]
−
= 0 , (85)[
aˆ†(~k, λ), aˆ†(~k′, λ′)
]
−
= 0 . (86)
It is useful to define the so-called number operator Nˆ(~k, λ) via:
aˆ†(~k, λ)aˆ(~k, λ) = 2ωk δ
3(0) Nˆ(~k, λ) , (87)
where δ3(0)→ V/(2π)3 in a finite volume V <∞.
Now it is straightforward to calculate the commutators of the fields. The explicit calculation
is relegated to App. J. The equal-time commutation relations for the spatial components of the
spin-two field and its canonically conjugate field then read:
[
Tˆij (t, ~x), Tˆlk (t, ~y)
]
−
= 0 , (88)
[
Πˆij(t, ~x), Πˆlk(t, ~y)
]
−
= 0 , (89)
[
Tˆij (t, ~x), Πˆlk(t, ~y)
]
−
=
[
1
2
(
G˜ikG˜jl + G˜ilG˜jk
)− 1
3
G˜ijG˜kl
]
i δ3(~x − ~y) , (90)
where
G˜ij ≡ −δij + ∂i∂j
m2
(91)
is the Fourier-transform of the on-shell projection operator (75).
It is remarkable that the expression in brackets in the last commutator (90) is (up to a factor
of two) the Fourier-transform of the numerator of the propagator (79). It would certainly have
been difficult to guess this result and thus quantize the spin-two field following option (i) discussed
in the beginning of this subsection.
Similar results for the equal-time commutation relations were also given by Wagenaar & Rijken
[17, p.9] where, as already mentioned, Lagrangemultipliers were used. Also, Bhargava &Watanabe
presented an expression for the covariant commutator of the charged tensor field [19, p.277]. Chang
derived a covariant commutation relation for the field [23, p.1261], which is in accordance with Eq.
(225). More details can be found in Ref. [12, p.1312]. Another discussion which leads to similar
results is given by Rivers [18, p.400,403].
3.2 Operators for conserved quantities
The conserved quantities presented in Sec. 2.6 become operators once the fields are quantized. Here
we express the Hamilton operator, the momentum operator, and the spin operator in z-direction
as functions of the creation and annihilation operators (for more details see App. K).
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The Hamilton operator is given by the quantized version of Eq. (56):
Hˆ =
1
2
∫
d3x
(
ΠˆµνΠˆ
µν + ~∇Tˆµν · ~∇Tˆ µν +m2Tˆµν Tˆ µν
)
= δ3(0)
∫
d3k
5∑
λ=1
ωk
[
Nˆ(~k, λ) +
1
2
]
, (92)
while the momentum of the field, Eq. (57), takes the form:
~ˆP = −
∫
d3x Πˆαβ ~∇Tˆαβ
= δ3(0)
∫
d3k
5∑
λ=1
~k Nˆ(~k, λ) . (93)
These results are familiar and consistent with the results for fields with other spin values. The
energy of the field is given by a vacuum term and the number of all excitations with all possible
polarisations and momenta multiplied by the respective energy. The momentum operator can be
interpreted analogously, except that there is no momentum associated with the vacuum.
The derivation of the z-component of the spin operator is presented in App. K, with the result:
Sˆz = −2
∫
d3x
(
Πˆ1ρTˆ
2ρ − Πˆ2ρTˆ 1ρ
)
= δ3(0)
∫
d3k
[
2 Nˆ(~k,+)− 2 Nˆ(~k,−) + Nˆ(~k,∆)− Nˆ(~k,)
]
, (94)
where we used number operators in a circularly polarized bases, denoted by λ = +,−,∆,, and
0, see Eq. (239). This is a physically very intuitive result, since it expresses the total spin as
the sum over all particles with definite momentum and (circular) polarization direction, weighted
with the modulus of the spin projection in z-direction. The result (94) is analogous to that for
vector fields, see e.g. Reinhardt & Greiner [5, p.166]. Note that only in the circularly polarized
basis the z-component of the spin operator Sˆz is diagonal in the polarization directions, such that
the corresponding number operators can be employed. Had we chosen a different quantization
axis, e.g. the x-direction, the diagonalization of the spin operator is not as straightforward, but
can be achieved by a rotation of the basis of polarization tensors, or by choosing a basis for the
annihilation and creation operators which is different from Eq. (239).
4 Conclusions and outlook
Spin-two fields play an important role in gravity [24, 26] and in its various extensions where even
massive gravitons appear, see e.g. Refs. [27, 28] and refs. therein, as well as in extensions of the
standard model [29]. In the framework of QCD, tensor mesons naturally emerge as composite
quark-antiquark bound states [30–35]. It is therefore important to have a solid theoretical basis
for the field-theoretical description of spin-two fields. To this end, in this work we have reviewed
known features and presented new aspects of massive spin-two fields in both classical and quantum
field theory.
For classical tensor fields, we have determined the equations of motion as well as the Fierz-
Pauli constraints for tensor fields via three different methods: (i) the eigenvalue equations for
the Casimir operators, (ii) a Lagrangian, and (iii) a covariant Hamilton approach. We have also
computed the energy-momentum tensor, conserved quantities, and the solution of the equations
of motion in terms of a basis of polarization tensors. To conclude the discussion of classical fields,
we have also presented the corresponding tree-level propagator.
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Quantization required us to postulate commutation relations for the annihilation and creation
operators. From these and the solution of the equations of motion we have derived equal-time
commutation relations for the fields and their canonically conjugate counterparts. We have also
computed the Hamilton, momentum, and spin operators.
As an application, let us consider tensor mesons in QCD. Conventionally, mesons are bound
states of a quark and an antiquark, but other, more exotic possibilities, such as glueballs, hybrids,
tetraquarks, etc. exist, too (see the general discussion in Ref. [36] and for the phenomenology of
tensor mesons see e.g. Refs. [30–35] and refs. therein). The theoretical description of such objects,
be it via lattice QCD or via QCD sum rules, requires us to construct composite operators with
the appropriate quantum numbers.
In the conventional picture of a meson, i.e., a quark-antiquark bound state, the spin can either
be S = 0 or S = 1, while the orbital angular momentum L can assume all integer values, L =
0, 1, 2, . . .. The total angular momentum ~J = ~L+ ~S is an integer limited by |L− S| ≤ J ≤ L+ S.
In order to obtain tensor mesons with J = 2, we can therefore either combine S = 0 with L = 2,
or we can combine S = 1 with L = 1, 2, or 3.
In general one classifies different particle states in quantum field theory by their transformation
behavior under parity and charge conjugation. For neutral unflavored mesons these values are
given by:
P = (−1)L+1 , C = (−1)L+S .
Together with the total spin J , the quantum numbers are summarized by JPC . For the specific
case of J = 2, there are three possibilities, which we study in the following together with their
microscopic quark-antiquark currents. These are objects constructed from fermionic quark fields
qi(x) (where i stands for flavor u, d, s, c, b, t) and should have the correct behavior under Poincaré,
parity, and flavor transformations, as well as charge conjugation and time reversal. Moreover, they
should fulfill the KG equation (36) and the constraints (37), (38), and (39). Thus, the following
spin-two quark-antiquark currents emerge:
(1) Tensor mesons JPC = 2++. They arise from S = 1 and L = 1 or 3, which couple to
JPC = 2++. The corresponding current was previously introduced e.g. in Ref. [37]:
(Xµν)ji = iq¯i
[
γµ
←→
∂ ν + γν
←→
∂ µ − 2
3
(
gµν − kµkν
k2
)
γδ
←→
∂ δ
]
qj , (95)
where
←→
∂ µ ≡ −→∂ µ −←−∂ µ and kµ is the total momentum of the meson.
(2) Axial-tensor mesons JPC = 2−−. They arise from S = 1 and L = 2. The respective
current was introduced in Ref. [38] and reads explicitly:
(Bµν)ji = iq¯i
[
γµγ
5←→∂ ν + γνγ5←→∂ µ − 2
3
(
gµν − kµkν
k2
)
γδγ
5←→∂ δ
]
qj . (96)
(3) Pseudotensor mesons JPC =2−+. They arise from S = 0 and L = 2. The respective
current, to our knowledge presented here for the first time, is:
(Tµν)ji = iq¯i
[←→
∂ µγ
5←→∂ ν − 2
3
(
gµν − kµkν
k2
)(←→
∂ αγ
5←→∂ α
)]
qj . (97)
The decays of such pseudotensor mesons will be discussed in a forthcoming publication.
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A Poincaré algebra for the generators in spin-two field rep-
resentation
In this appendix we prove that the generators (11) and (18) in spin-two field representation fulfil
the Poincaré algebra (3) – (5). We start with Eq. (3), which reads for spin-two fields
[Iαβ , Iηǫ]−
µ ν
γ δ
≡ (Iαβ)µ νσ ρ(Iηǫ)σ ργ δ − (Iηǫ)µ νσ ρ(Iαβ)σ ργ δ
= i
[
−gαη(Iβǫ)µ νγ δ + gαǫ(Iβη)µ νγ δ + gβη(Iαǫ)µ νγ δ − gβǫ(Iαη)µ νγ δ
]
. (98)
Now we use the decomposition into a spin part (Sαβ)µ νσ ρ, cf. Eq. (19), and an angular momentum
part (Lαβ)µ νσ ρ, cf. Eq. (20), and insert this into the left-hand side of Eq. (98):
[Iαβ , Iηǫ]−
µ ν
γ δ
= [Sαβ , Sηǫ]−
µ ν
γ δ
+ [Sαβ , Lηǫ]−
µ ν
γ δ
+ [Lαβ , Sηǫ]−
µ ν
γ δ
+ [Lαβ , Lηǫ]−
µ ν
γ δ
. (99)
Now we compute the four commutators on the right-hand side separately. Inserting the explicit
expression (19) for the generators in the first commutator, we obtain
[Sαβ , Sηǫ]−
µ ν
γ δ
= (Sαβ)
µ ν
σ ρ(Sηǫ)
σ ρ
γ δ − (Sηǫ)µ νσ ρ(Sαβ)σ ργ δ
= −[gµσ(gναgβρ − gνβgαρ) + gνρ(gµαgβσ − gµβgασ)]
× [gσγ (gρηgǫδ − gρǫ gηδ) + gρδ (gση gǫγ − gσǫ gηγ)]
+ [gµσ(g
ν
ηgǫρ − gνǫ gηρ) + gνρ(gµη gǫσ − gµǫ gησ)]
× [gσγ (gραgβδ − gρβgαδ) + gρδ (gσαgβγ − gσβgαγ)]
= −gµγ
[
gνα (gβηgǫδ − gβǫgηδ)− gνβ (gαηgǫδ − gαǫgηδ)
]
− (gναgβδ − gνβgαδ)(gµη gǫγ − gµǫ gηγ)
− (gµαgβγ − gµβgαγ)(gνηgǫδ − gνǫ gηδ)
− gνδ
[
gµα (gβηgǫγ − gβǫgηγ)− gµβ (gαηgǫγ − gαǫgηγ)
]
+ gµγ
[
gνη (gǫαgβδ − gǫβgαδ)− gνǫ (gηαgβδ − gηβgαδ)
]
+ (gνηgǫδ − gνǫ gηδ)(gµαgβγ − gµβgαγ)
+ (gµη gǫγ − gµǫ gηγ)(gναgβδ − gνβgαδ)
+ gνδ
[
gµη (gǫαgβγ − gǫβgαγ)− gµǫ (gηαgβγ − gηβgαγ)
]
. (100)
The terms in the second and third line cancel against those in the sixth and seventh line. The
remaining ones can be rearranged as
[Sαβ , Sηǫ]−
µ ν
γ δ
= +gαη
[
gµγ (g
ν
βgǫδ − gνǫ gβδ) + gνδ (gµβgǫγ − gµǫ gβγ)
]
− gαǫ
[
gµγ (g
ν
βgηδ − gνηgβδ) + gνδ (gµβgηγ − gµη gβγ)
]
− gβη
[
gµγ (g
ν
αgǫδ − gνǫ gαδ) + gνδ (gµαgǫγ − gµǫ gαγ)
]
+ gβǫ
[
gµγ (g
ν
αgηδ − gνηgαδ) + gνδ (gµαgηγ − gµη gαγ)
]
= i
[
−gαη(Sβǫ)µ νγ δ + gαǫ(Sβη)µ νγ δ + gβη(Sαǫ)µ νγ δ − gβǫ(Sαη)µ νγ δ
]
, (101)
A POINCARÉ ALGEBRA FOR THE GENERATORS IN SPIN-TWO FIELD
REPRESENTATION
19
where we used the definition (19) of the spin generators. We see that the spin part (Sαβ)µ νσ ρ
fulfills the Lorentz algebra (3) by itself. Next we show that the mixed commutators in Eq. (99)
vanish identically:
[Sαβ , Lηǫ]−
µ ν
γ δ
= −
[
gµσ(g
ν
αgβρ − gνβgαρ) + gνρ(gµαgβσ − gµβgασ)
]
gσγ g
ρ
δ (xη∂ǫ − xǫ∂η)
+ gµσg
ν
ρ(xη∂ǫ − xǫ∂η)
[
gσγ (g
ρ
αgβδ − gρβgαδ) + gρδ (gσαgβγ − gσβgαγ)
]
= 0 . (102)
Finally, we need to compute
[Lαβ, Lηǫ]−
µ ν
γ δ
= i2
[
gµσg
ν
ρ(xα∂β − xβ∂α)gσγ gρδ (xη∂ǫ − xǫ∂η)
−gµσgνρ(xη∂ǫ − xǫ∂η)gσγ gρδ (xα∂β − xβ∂α)
]
= i2gµγ g
ν
δ (xαxη∂β∂ǫ − xαxǫ∂β∂η − xβxη∂α∂ǫ + xβxǫ∂α∂η
+ gβηxα∂ǫ − gβǫxα∂η − gαηxβ∂ǫ + gαǫxβ∂η
− xαxη∂β∂ǫ + xβxη∂α∂ǫ + xαxǫ∂β∂η − xβxǫ∂α∂η
− gαǫxη∂β + gβǫxη∂α + gαηxǫ∂β − gβηxǫ∂α)
= i
[
−gαη(Lβǫ)µ νγ δ + gαǫ(Lβη)µ νγ δ + gβη(Lαǫ)µ νγ δ − gβǫ(Lαη)µ νγ δ
]
, (103)
which means that also the angular momentum part (Lαβ)µ νσ ρ fulfills the Lorentz algebra (3) by
itself. Furthermore, combining Eqs. (101) and (103) proves Eq. (98).
The second commutation relation of the Poincaré algebra (4) can also be calculated explicitly.
One inserts Eq. (11) and finds:
[Pα, Pβ ]−
µ ν
γ δ
= i2
(
gµσg
ν
ρ∂αg
σ
γ g
ρ
δ∂β − gµσgνρ∂βgσγ gρδ∂α
)
= 0 . (104)
In order to prove the third commutation relation (5) one uses again the decomposition (Iαβ)
µ ν
γ δ =
(Sαβ)
µ ν
γ δ + (Lαβ)
µ ν
γ δ:
[Pα, Iηǫ]−
µ ν
γ δ
= [Pα, Sηǫ]−
µ ν
γ δ
+ [Pα, Lηǫ]−
µ ν
γ δ
. (105)
The first commutator is given by
[Pα, Sηǫ]−
µ ν
γ δ
= gµσg
ν
ρ∂α
[
gσγ (g
ρ
ηgǫδ − gρǫ gηδ) + gρδ (gση gǫγ − gσǫ gηγ)
]
− [gµσ(gνηgǫρ − gνǫ gηρ) + gνρ(gµη gǫσ − gµǫ gησ)] gσγ gρδ∂α
= 0 , (106)
whereas the second term leads to
[Pα, Lηǫ]−
µ ν
γ δ
= −i2 [gµσgνρ∂αgσγ gρδ (xη∂ǫ − xǫ∂η)− gµσgνρ(xη∂ǫ − xǫ∂η)gσγ gρδ∂α]
= −i2gµγ gνδ (gαη∂ǫ − gαǫ∂η)
= i
[
gαη(Pǫ)
µ ν
γ δ − gαǫ(Pη)µ νγ δ
]
. (107)
On the one hand this shows that the third commutation relation (5) is fulfilled, while on the other
hand this proves that translations do not commute with rotations, whereas the spin part (Sαβ)
µ ν
γ δ
of the generator commutes with the generator of translations. In summary, we have shown that
the generators of the Poincaré group in spin-two field representation fulfill the Poincaré algebra
(3), (4), and (5).
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B Second Casimir operator
In this appendix we explicitly calculate the square of the Pauli-Lubanski pseudovector (22). Using
the identity
ǫµαβγ ǫ
µνρσ = gνα(g
σ
βg
ρ
γ − gρβgσγ ) + gρα(gνβgσγ − gσβgνγ) + gσα(gρβgνγ − gνβgργ) , (108)
we obtain
W 2 =
1
4
ǫµνρσ ǫµαβγIνρPσI
αβP γ
=
1
4
[
gνα(g
σ
βg
ρ
γ − gρβgσγ ) + gρα(gνβgσγ − gσβgνγ) + gσα(gρβgνγ − gνβgργ)
]
IνρPσI
αβP γ
=
1
4
(IαγPβ − IαβPγ + IβαPγ − IγαPβ + IγβPα − IβγPα) IαβP γ
= −1
2
IαβgγδP
δIαβP γ + IγβgαδP
δIαβP γ
=
(
−1
2
Iαβgγδ + Iγβgαδ
)[
i
(
gδαP β − gδβPα)+ IαβP δ]P γ
= −1
2
IαβI
αβP 2 + IγβI
αβPαP
γ , (109)
where we used the antisymmetry of Iαβ in the fourth and sixth lines and the commutation relation
(5) in the fifth line.
C Second Casimir operator in spin-two field representation
Just like the generators, for the spin-two case W 2, Eq. (109), is a rank-four tensor,
(W 2)µ νγ δ = −
1
2
(Iαβ)
µ ν
σ ρ(I
αβ)σ ρη ξ(Pλ)
η ξ
τ ι(P
λ)τ ιγ δ
+ (Iλβ)
µ ν
σ ρ(I
αβ)σ ρη ξ(Pα)
η ξ
τ ι(P
λ)τ ιγ δ . (110)
After inserting the generator for translations (11), this simplifies to:
(W 2)µ νγ δ =
1
2
(Iαβ)µ νσ ρ(Iαβ)
σ ρ
γ δ− (Iλβ)µ νσ ρ(Iαβ)σ ργ δ∂α∂λ . (111)
We first compute
(Iλβ)
µ ν
σ ρ(I
αβ)σ ργ δ = i
2
[
gµσ(g
ν
λgβρ − gνβgλρ) + gνρ(gµλgβσ − gµβgλσ) + gµσgνρ(xλ∂β − xβ∂λ)
]
×
[
gσγ (g
ραgβδ − gρβgαδ ) + gρδ (gσαgβγ − gσβgαγ ) + gσγ gρδ (xα∂β − xβ∂α)
]
= 2 (gµγ g
ν
λg
α
δ + g
µ
λg
ν
δ g
α
γ + g
µ
γ g
ν
δ g
α
λ )
− gµα (gνλgγδ − gνγgλδ)− gνα (gµλgγδ − gµδ gλγ)
− gαγ (gλδgµν − gνλgµδ )− gαδ
(
gλγg
µν − gµλgνγ
)
+ gµγ g
ν
λ(x
α∂δ − xδ∂α)− gµγ gλδ(xα∂ν − xν∂α) + gνδ gµλ(xα∂γ − xγ∂α)
− gνδ gλγ(xα∂µ − xµ∂α) + gµγ gνα(xλ∂δ − xδ∂λ)− gµγ gαδ (xλ∂ν − xν∂λ)
+ gνδ g
µα(xλ∂γ − xγ∂λ)− gνδ gαγ (xλ∂µ − xµ∂λ)
+ gµγ g
ν
δ (xλx
α
− 2 xλ∂α − xαxβ∂β∂λ − xλxβ∂β∂α − gαλxβ∂β + x2∂λ∂α) .
(112)
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Now we contract λ and α,
(Iαβ)
µ ν
σ ρ(I
αβ)σ ργ δ = 12 g
µ
γg
ν
δ − 4 gµνgγδ + 4 gµδ gνγ + 4 gµγ (xν∂δ − xδ∂ν) + 4 gνδ (xµ∂γ − xγ∂µ)
+ 2 gµγg
ν
δ (x
2
− xαxβ∂α∂β − 3 xα∂α) . (113)
Finally, inserting Eqs. (112) and (113) into Eq. (111) the second Casimir operator in spin-two field
representation reads:
(W 2)µ νγ δ = 2
[(
2 gµγg
ν
δ − gµνgγδ + gµδ gνγ
)

+ gγδ∂
µ∂ν + gµν∂γ∂δ − gνδ∂µ∂γ − gµγ∂ν∂δ − gνγ∂µ∂δ − gµδ ∂ν∂γ
]
. (114)
D Fierz-Pauli constraints for spin 1/2, spin one, and spin
3/2
In this appendix, we derive the Fierz-Pauli constraints from the eigenvalue equations for the
Casimir operators for spin-1/2, spin-one, and spin-3/2 fields. We first determine the generators
Pα, Iαβ of the Poincaré group for each case, before we embark on the discussion of the Fierz-Pauli
constraints.
D.1 Generators of the Poincaré group
D.1.1 Spin 1/2:
We determine the generators for space-time translations from the requirement that the translated
field at the translated coordinate is identical to the non-translated field at the original coordinate:
ψ′(x′τ ) = ψ(xτ ) . (115)
Adding ψ′(xτ ) on both sides of this equation, rearranging terms, and Taylor-expanding ψ′(x′τ )
around xτ for an infinitesimal translation x′τ = xτ + ǫτ leads to:
ψ′(xτ ) = ψ(xτ )− [ψ′(xτ ) + ǫα∂αψ′(xτ ) +O(ǫ2)− ψ′(xτ )]
= ψ(xτ )− 1 ǫα∂αψ(xτ ) +O(ǫ2) , (116)
where, to order O(ǫ2), we were able to replace ∂αψ′(xτ ) by ∂αψ(xτ ). In order to keep track of
Dirac indices, we also explicitly denoted the (4 × 4) unit matrix in Dirac-spinor space by 1. On
the other hand, a translation can also be written in terms of a group element acting on ψ(xτ ):
ψ′(xτ ) = exp (−i aαPα)ψ(xτ ) . (117)
Up to first order in aα ≡ ǫα this is equal to:
ψ′(xτ ) = ψ(xτ )− i ǫαPαψ(xτ ) +O(ǫ2) . (118)
By comparing Eqs. (116) and (118) we read off the generator for space-time translations in the
Dirac-spinor representation as:
Pα = −i1 ∂α . (119)
The next step is the determination of the generators for Lorentz transformations. The trans-
formation of a spinor reads, see e.g. Reinhardt & Greiner [5, p.119],
ψ′(x′τ ) = Sψ(xτ ) , (120)
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with
S ≡ exp
(
−i ωαβ
4
σαβ
)
, (121)
where σαβ = i2
[
γα, γβ
]
−
. Adding ψ′(xτ ) on both sides of Eq. (120) and rearranging terms yields
ψ′(xτ ) = Sψ(xτ )− [ψ′(x′τ )− ψ′(xτ )] . (122)
For infinitesimal transformations, ωαβ → δωαβ, and expanding S to first order in δω, as well as
Taylor-expanding ψ′(x′τ ) around xτ for an infinitesimal Lorentz transformation x′τ = xτ+δωτβx
β
to the same order yields:
ψ′(xτ ) = ψ(xτ )− i δωαβ
4
[
σαβ + 2i1 (xα∂β − xβ∂α)]ψ(xτ ) +O(δω2) , (123)
where to order O(δω2) we replaced ∂αψ′(xτ ) by ∂αψ(xτ ) and used the antisymmetry of δωρσ.
On the other hand, the transformation of a spinor under an element of the Lorentz group reads:
ψ′(xτ ) = exp
(
−i ωαβ
2
Iαβ
)
ψ(xτ ) . (124)
For infinitesimal transformations, ωαβ → δωαβ , and expanding the exponential to first order in
δω, we have
ψ′(xτ ) = ψ(xτ )− i δωαβ
2
Iαβψ(xτ ) +O(δω2) . (125)
Comparing Eqs. (123) and(125) the generator for Lorentz transformations in Dirac-spinor repre-
sentation is
Iαβ =
1
2
σαβ + i1 (xα∂β − xβ∂α) . (126)
This expression can be decomposed into a spin part Sαβ and an angular momentum part Lαβ :
Sαβ =
1
2
σαβ , (127)
Lαβ = i1 (xα∂β − xβ∂α) . (128)
One can verify that the generator (126), as well as the spin and angular momentum parts sepa-
rately, fulfill the Lorentz algebra (3). Moreover, both generators (119) and (126) fulfill the two
other commutation relations (4) and (5) of the Poincaré group. The proof is analogous to that
given in App. A for the rank-two tensor representation of the generators.
D.1.2 Spin one:
The generators for space-time translations in the representation for spin-one fields are computed
analogously to the spin-1/2 case. We demand that
A′µ(x′τ ) = Aµ(xτ ) . (129)
Adding A′µ(xτ ) to both sides of this equation, rearranging terms, and expanding A′µ(x′τ ) to linear
order in an infinitesimal space-time translation x′τ = xτ + ǫτ leads to:
A′µ(xτ ) = Aµ(xτ )− [A′µ(xτ ) + ǫα∂αA′µ(xτ ) +O(ǫ2)−A′µ(xτ )]
= Aµ(xτ )− gµν ǫα∂αAν(xτ ) +O(ǫ2) , (130)
where, up to terms of order O(ǫ2), we were able to replace ∂ρA′ν(xτ ) by ∂ρAν(xτ ). A space-time
translation can also be written in terms of a group element acting on the field:
A′µ(xτ ) = exp (−i aαPα) µνAν(xτ ) . (131)
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For an infinitesimal translation, aα ≡ ǫα, this reads:
A′µ(xτ ) = Aµ(xτ )− i ǫα(Pα)µνAν(xτ ) +O(ǫ2) . (132)
Comparing Eqs. (130) and (132), the generators for space-time translations can be read off as:
(Pα)µν = −i gµν ∂α . (133)
A Lorentz transformation of a vector field is defined as
A′µ(x′τ ) = ΛµνA
ν(xτ ) . (134)
Adding A′µ(xτ ) on both sides of this equation and rearranging terms, we obtain
A′µ(xτ ) = ΛµνA
ν(xτ )− [A′µ(x′τ )−A′µ(xτ )] . (135)
In the following step we consider an infinitesimal Lorentz transformation matrix Λµν ≡ gµν + δωµν
and expand A′µ(x′τ ) around xτ for an infinitesimal Lorentz transformation x′τ = xτ + δωτβx
β ,
A′µ(xτ ) =
[
gµν + δω
µ
ν +O(δω
2)
]
Aν(xτ )
− [A′µ(xτ ) + δωαβxβ∂αA′µ(xτ ) +O(δω2)−A′µ(xτ )]
= Aµ(xτ ) +
δωαβ
2
[
gαµgβν − gβµgαν − gµν (xβ∂α − xα∂β)
]
Aν(xτ ) +O(δω2) , (136)
where we used the antisymmetry of δωαβ and, to order O(δω2), we were able to replace ∂αA′µ(xτ )
by ∂αAµ(xτ ). A Lorentz transformation of a spin-one field can also be expressed via a group
element acting on the field,
A′µ(xτ ) = exp
(
−i ωαβ
2
Iαβ
)µ
ν
Aν(xτ ) . (137)
For infinitesimal Lorentz transformations, ωαβ → δωαβ , this reads
A′µ(xτ ) = Aµ(xτ )− i δωαβ
2
(Iαβ)µνA
ν(xτ ) +O(δω2) . (138)
Comparing Eqs. (136) and (138) yields:
(Iαβ)µν = i
[
gαµgβν − gβµgαν + gµν (xα∂β − xβ∂α)
]
. (139)
It is again possible to identify the spin part, (Sαβ)µν , and angular momentum part, (L
αβ)µν , of
the generator:
(Sαβ)µν = i (g
αµgβν − gβµgαν ) , (140)
(Lαβ)µν = i g
µ
ν (x
α∂β − xβ∂α) . (141)
One can prove that the generators (133) and (139) fulfill the Poincaré algebra (3), (4), and (5).
This calculation is analogous to that in App. A for the generators in spin-two field presentation.
D.1.3 Spin 3/2:
The transformation of a spin-3/2 field under space-time translations reads
ψ′µ(x′τ ) = ψµ(xτ ) . (142)
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Adding ψ′µ(xτ ) on both sides of this equation, rearranging terms, and expanding ψ′µ(x′τ ) around
xτ for an infinitesimal translation x′τ = xτ + ǫτ , we obtain
ψ′µ(xτ ) = ψµ(xτ )− [ψ′µ(xτ ) + ǫα∂αψ′µ(xτ ) +O(ǫ2)− ψ′µ(xτ )]
= ψµ(xτ )− 1 gµν ǫα∂αψν(xτ ) +O(ǫ2) , (143)
where we replaced ∂αψ′µ(xτ ) to order O(ǫ2) with ∂αψµ(xτ ) and explicitly kept track of the (4×4)-
unit matrix 1 in Dirac space. A space-time translation can also be written as a group element
acting on the field,
ψ′µ(xτ ) = exp (−i aαPα) µνψν(xτ ) . (144)
For infinitesimal translations, aα → ǫα, this becomes
ψ′µ(xτ ) = ψµ(xτ )− i ǫα(Pα)µνψν(xτ ) +O(ǫ2) . (145)
Comparison to Eq. (143) yields the generators for space-time translations of Rarita-Schwinger
fields:
(Pα)µν = −i1 gµν∂α . (146)
A Lorentz transformation of a spin-3/2 field reads:
ψ′µ(x′τ ) = ΛµνSψ
ν(xτ ) . (147)
Adding ψ′µ(xτ ) on both sides of this equation and rearranging terms, this becomes
ψ′µ(xτ ) = ΛµνSψ
ν(xτ )− [ψ′µ(x′τ )− ψ′µ(xτ )] . (148)
For infinitesimal Lorentz transformations (with parameters δωαβ) this becomes:
ψ′µ(xτ ) =
[
gµν + δω
µ
ν +O(δω
2)
] [
1− i δωαβ
4
σαβ +O(δω2)
]
ψν(xτ )
− [ψ′µ(xτ ) + δωαβxβ∂αψ′µ(xτ ) +O(δω2)− ψ′µ(xτ )]
= ψµ(xτ ) +
δωαβ
2
[
1 (gµαgβν − gµβgαν )−
i
2
gµνσ
αβ − 1 gµν (xβ∂α − xα∂β)
]
ψν(xτ )
+O(δω2) , (149)
where we used the antisymmetry of δωαβ and, to order O(δω2), were able to replace ∂αψ′µ(xτ )
by ∂αψµ(xτ ). On the other hand, in terms of a group element acting on the field we have:
ψ′µ(xτ ) = exp
(
−i ωαβ
2
Iαβ
)µ
ν
ψν(xτ ) , (150)
which for an infinitesimal transformation reads
ψ′µ(xτ ) = ψµ(xτ )− i δωαβ
2
(Iαβ)µνψ
ν(xτ ) +O(δω2) . (151)
Comparing Eqs. (149) and (151) the generators of Lorentz transformations for Rarita-Schwinger
fields can be read off as:
(Iαβ)µν = i1 (g
µαgβν − gµβgαν ) +
1
2
gµνσ
αβ + i1 gµν (x
α∂β − xβ∂α) . (152)
At this point we may again identify the spin part, (Sαβ)µν , and the angular momentum part,
(Lαβ)µν , of the generators:
(Sαβ)µν = i1 (g
µαgβν − gµβgαν ) +
1
2
gµνσ
αβ , (153)
(Lαβ)µν = i1 g
µ
ν (x
α∂β − xβ∂α) . (154)
Again, one can prove that the generators (146) and (152) fulfill the Poincaré algebra (3), (4),
and (5). This calculation is analogous to that in App. A for the generators in spin-two field
presentation.
D FIERZ-PAULI CONSTRAINTS FOR SPIN 1/2, SPIN ONE, AND SPIN 3/2 25
D.2 Eigenvalue equations for the Casimir operators
D.2.1 Spin 1/2:
With the results (119) and (126) it is possible to construct the Casimir operators P 2 and W 2
in Dirac-spinor field representation. The first one is simply P 2 = −1, and the corresponding
eigenvalue equation is the KG equation,
P 2ψ = −ψ = m2ψ . (155)
In order to determine W 2, Eq. (109), in Dirac-spinor representation it is useful to write down all
spinor indices (Roman letters) explicitly:
(W 2)ij = −1
2
(Iαβ)ik(I
αβ)kl(Pγ)lm(P
γ)mj + (Iγβ)ik(I
αβ)kl(Pα)lm(P
γ)mj . (156)
Inserting the generator for translations (119) this becomes
(W 2)ij =
1
2
(Iαβ)ik(I
αβ)kj− (Iγβ)ik(Iαβ)kj∂α∂γ . (157)
We first calculate the contraction of the generators in the second term, dropping spinor indices
for the sake of clarity:
IγβI
αβ =
[
1
2
σγβ + i1 (xγ∂β − xβ∂γ)
] [
1
2
σαβ + i1 (xα∂β − xβ∂α)
]
=
1
4
σγβσ
αβ +
i
2
σγβ(x
α∂β − xβ∂α) + i
2
σαβ(xγ∂β − xβ∂γ)
− 1 (xγxα − 2 xγ∂α − xγxβ∂β∂α − gαγ xβ∂β − xαxβ∂β∂γ + x2∂γ∂α) . (158)
Contracting α and γ indices, this becomes:
IαβI
αβ =
1
4
σαβσ
αβ + i σαβ(x
α∂β − xβ∂α)− 21 (x2 − 3 xβ∂β − xαxβ∂α∂β) . (159)
We now combine Eqs. (158) and (159) and use the antisymmetry of σαβ to arrive at the following
expression for the second Casimir operator (157):
W 2 =
1
8
σαβσ
αβ
− 1
4
σγβσ
αβ∂γ∂α . (160)
This expression can be further simplified with the help of the anticommutation relations for the
Dirac matrices:
W 2 =
3
2
− 1
2
/∂ /∂ − 1
4
 =
5
4
− 1
2
/∂ /∂ . (161)
The eigenvalue equation for the second Casimir operator (for s = 1/2) then reads:
W 2ψ =
(
5
4
 − 1
2
/∂ /∂
)
ψ = −m2s(s+ 1)ψ ≡ −3
4
m2ψ . (162)
Using the KG equation (155), this becomes:
0 =
(−/∂/∂ −m2)ψ
=
(
i/∂ +m
) (
i/∂ −m)ψ
−→ 0 = (i/∂ −m)ψ , (163)
i.e., the Dirac equation.
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D.2.2 Spin one:
With the results (133) and (139) we now consider the eigenvalue equations for the Casimir oper-
ators in spin-one field representation. Equation (133) yields
(Pα)µλ(Pα)
λ
ν = −gµλgλν∂α∂α = −gµν , (164)
thus
(P 2)µνA
ν = − gµνAν = −Aµ = m2Aµ , (165)
i.e., the four components of the vector field fulfill the KG equation.
Equation (109) with Eq. (139) yields
(W 2)µν = −
1
2
(Iαβ)
µ
λ(I
αβ)λρ(Pγ)
ρ
σ(P
γ)σν + (Iγβ)
µ
λ(I
αβ)λρ(Pα)
ρ
σ(P
γ)σν . (166)
Using the generator for translations (133), this simplifies to:
(W 2)µν =
1
2
(Iαβ)
µ
λ(I
αβ)λν− (Iγβ)µλ(Iαβ)λν∂γ∂α . (167)
With Eq. (139) the contraction of the generators in the second term is:
(Iγβ)
µ
λ(I
αβ)λν = i
2
[
gµγ gβλ − gµβgγλ + gµλ(xγ∂β − xβ∂γ)
]
×
[
gαλgβν − gβλgαν + gλν (xα∂β − xβ∂α)
]
= 2 gµγ g
α
ν + g
µ
ν g
α
γ
− gµγ (xα∂ν − xν∂α) + gγν(xα∂µ − xµ∂α)
− gµα(xγ∂ν − xν∂γ) + gαν (xγ∂µ − xµ∂γ)
− gµν (xγxα− 2 xγ∂α − xγxβ∂β∂α − gαγ xβ∂β − xαxβ∂β∂γ + x2∂γ∂α) . (168)
Contracting indices α and γ results in:
(Iαβ)
µ
λ(I
αβ)λν = 6 g
µ
ν + 4 (xν∂
µ − xµ∂ν)
− 2 gµν (x2− 3 xβ∂β − xαxβ∂α∂β) . (169)
Inserting Eqs. (168) and (169) into Eq. (167) the Casimir operator becomes:
(W 2)µν = 2 (g
µ
ν − ∂µ∂ν) . (170)
This result is well known, see Aurilia & Umezawa [10, p.1688]. Thus, using s = 1 the eigenvalue
equation for the second Casimir operator is:
2Aµ − 2 ∂µ∂νAν = −m2s(s+ 1)Aµ ≡ −2m2Aµ
−→ 0 = (+m2)Aµ − ∂µ∂νAν . (171)
This is the Proca equation. Using the KG equation (165) and differentiating with respect to xµ
gives:
0 =  ∂νA
ν = −m2∂νAν
−→ 0 = ∂νAν , (172)
which is the Lorentz condition.
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D.2.3 Spin 3/2:
With Eq. (146) the eigenvalue equation for the Casimir operator P 2 reads:
(P 2)µνψ
ν = −ψµ = m2ψµ , (173)
i.e., all components of the Rarita-Schwinger field fulfill the KG equation.
The second Casimir operator (109) is (again we explicitly denote spinor indices as Roman
letters):
(W 2)ij
µ
ν = −
1
2
(Iαβ)ik
µ
λ(I
αβ)kl
λ
ρ(Pγ)lm
ρ
σ(P
γ)mj
σ
ν
+ (Iγβ)ik
µ
λ
(Iαβ)kl
λ
ρ(Pα)lm
ρ
σ(P
γ)mj
σ
ν
. (174)
With the generators (146) this simplifies to
(W 2)µν =
1
2
(Iαβ)
µ
λ(I
αβ)λν− (Iγβ)µλ(Iαβ)λν∂α∂γ , (175)
where spinor indices have been suppressed. We first compute the contraction of the generators in
the second term. With Eq. (152) we have
(Iγβ)
µ
λ(I
αβ)λν =
[
i1 (gµγgβλ − gµβgγλ) +
1
2
gµλσγβ + i1 g
µ
λ(xγ∂β − xβ∂γ)
]
×
[
i1 (gλαgβν − gλβgαν ) +
1
2
gλνσ
αβ + i1 gλν (x
α∂β − xβ∂α)
]
= 1
(
2 gµγg
α
ν + g
µ
ν g
α
γ
)
+
1
4
gµν σγβσ
αβ
− 1 gµν (xγxα− 2 xγ∂α − xγxβ∂β∂α − gαγ xβ∂β − xαxβ∂β∂γ + x2∂γ∂α)
+
i
2
(gµγσ
α
ν − gγνσαµ + gµασγν − gαν σ µγ )
− 1 [gµγ (xα∂ν − xν∂α)− gγν(xα∂µ − xµ∂α)
+gµα(xγ∂ν − xν∂γ)− gαν (xγ∂µ − xµ∂γ)]
+
i
2
gµν
[
σγβ(x
α∂β − xβ∂α) + σαβ(xγ∂β − xβ∂γ)
]
. (176)
Contracting the indices α and γ, we obtain the first part of the first term in Eq. (175):
(Iαβ)
µ
λ(I
αβ)λν = 91 g
µ
ν − 21 gµν (x2− 3 xα∂α − xαxβ∂α∂β) + 2 i σµν
− 41 (xµ∂ν − xν∂µ) + i gµνσαβ(xα∂β − xβ∂α) , (177)
where we used the antisymmetry of σµν and σαβσαβ = 121. Inserting Eqs. (176) and (177) into
Eq. (175) one obtains:
(W 2)µν =
(
11
4
1 gµν + iσ
µ
ν
)
− 21 ∂µ∂ν + iσαµ∂α∂ν − iσαν∂α∂µ
= 1
(
11
4
gµν − 2 ∂µ∂ν
)
− 1
2
(
[γµ, γν ]−+
[
/∂, γµ
]
−
∂ν −
[
/∂, γν
]
−
∂µ
)
. (178)
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Aurilia & Umezawa presented this result (without deriving it) in Ref. [10, p.1690]. The eigenvalue
equation for s = 32 then reads[
1
(
11
4
gµν − 2 ∂µ∂ν
)
− 1
2
(
[γµ, γν ]−+
[
/∂, γµ
]
−
∂ν −
[
/∂, γν
]
−
∂µ
)]
ψν
= −3
2
(
3
2
+ 1
)
m2ψµ ≡ −15
4
m2ψµ . (179)
Differentiating with respect to xµ and using Eq. (173) one finds
0 =
(
+ 5m2
)
∂νψ
ν ≡ 4m2∂νψν
−→ 0 = ∂νψν , (180)
which is the first constraint. Finally, multiplying Eq. (179) with γµ and using Eq. (173) we obtain:
0 =
(
γν + 5m
2γν
)
ψν
= 4m2γνψ
ν
−→ 0 = γνψν , (181)
which is the last constraint for the spin-3/2 field. The procedure can be generalized to arbitrary
values of spin, see e.g. Ref. [39].
E Legendre transformation
In this appendix we derive the covariant Hamilton density via the complete Legendre transforma-
tion (46) for the spin-two field. The canonically conjugate field is given in Eq. (49). In the course
of the calculation, we shall also need the following contractions of this field,
Π αγα = −2 ∂γT + ∂αTαγ + ∂αT γα ,
Πσ αα =
3
2
(∂σT − ∂αT σα − ∂αTασ) ,
Π ραα =
3
2
(∂ρT − ∂αT ρα − ∂αTαρ) . (182)
From its definition (49) it is obvious that the canonically conjugate field is symmetric in the first
two Lorentz indices. This naturally explains why the latter two contractions are identical.
The Legendre transformation considerably simplifies by noting that
1
4
Παβµ∂
µ
(
Tαβ + T βα
)
=
1
8
[∂µ (Tαβ + Tβα)] ∂
µ
(
Tαβ + T βα
)− 1
2
(∂µT )∂
µT
− 1
4
[
∂α
(
Tαβ + T βα
)]
∂µ (Tµβ + Tβµ)
+
1
2
[∂µ (T
µν + T νµ)] ∂νT . (183)
is the kinetic part of the Lagrangian (40), so that
L = 1
4
Πσργ∂
γ (T σρ + T ρσ)− m
2
8
(Tµν + Tνµ) (T
µν + T νµ) +
m2
2
T 2 . (184)
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The Legendre transformation now reads explicitly:
Hcov = Πσργ∂γT σρ − L
=
1
2
Πσργ [∂
γ (T σρ + T ρσ) + ∂γ (T σρ − T ρσ)]− L
=
1
4
Πσργ∂
γ (T σρ + T ρσ) +
1
2
Πσργ∂
γ (T σρ − T ρσ)
+
m2
8
(Tµν + Tνµ) (T
µν + T νµ)− m
2
2
T 2 . (185)
The second term vanishes because Πσργ is symmetric in the first two indices. At this point one
uses the expression for the momentum field (49) to rewrite the first term:
Hcov = +1
2
Πσργ
[
Πσργ + gρσ∂γT − 1
2
(gγσ∂ρT + gργ∂σT )
+
1
2
gγσ∂µ (T
µρ + T ρµ) +
1
2
gγρ∂µ (T
σµ + T µσ)− 1
2
gρσ∂µ (T
µγ + T γµ)
]
+
m2
8
(Tµν + Tνµ) (T
µν + T νµ)− m
2
2
T 2 . (186)
Then, the derivatives of the tensor field are substituted by the contractions (182) of the canonically
conjugate field:
Hcov = +1
2
Πσργ
(
Πσργ − 1
2
gσρΠ αγα −
1
3
gργΠσ αα −
1
3
gσγΠ ραα
)
+
m2
8
(Tµν + Tνµ) (T
µν + T νµ)− m
2
2
T 2 . (187)
This then leads to Eq. (50).
F Canonical equations
The covariant Hamilton density contains all information about the system. In the present case
these are the equations of motion and the Fierz-Pauli constraints. In general one extracts them
from the canonical equations (47) and (48):
∂Hcov
∂Παβδ
= ∂δTαβ
= Παβδ − 1
2
gαβΠ µδµ −
1
3
gβδΠα µµ −
1
3
gαδΠ βµµ , (188)
−∂Hcov
∂Tαβ
= ∂δΠ
αβδ
= −m
2
2
(
Tαβ + T βα
)
+m2gαβT . (189)
The right-hand side of the second equation (189) is symmetric under the exchange of α and β.
Hence, the dynamical part of the momentum field is also symmetric. We now prove that also Tαβ
is symmetric. To this end, we exchange the indices α and β in the first canonical equation (188),
∂δT βα = Πβαδ − 1
2
gβαΠ µδµ −
1
3
gαδΠβ µµ −
1
3
gβδΠ αµµ
= Παβδ − 1
2
gαβΠ µδµ −
1
3
gβδΠα µµ −
1
3
gαδΠ βµµ , (190)
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where we used the symmetry of the metric tensor and the canonically conjugate field and exchanged
the order of the last two terms. Comparing this with Eq. (188), we observe that Tαβ = T βα. This
completes the proof the symmetry of the tensor field, which in turn simplifies the second canonical
equation (189),
∂δΠ
αβδ = −m2Tαβ +m2gαβT . (191)
For the remainder of the calculation it is useful to quote the following contractions of Eq. (188):
∂δT = −Π µδµ −
2
3
Π δµµ , (192)
∂µT
µβ = −2
3
Π βµµ −
1
2
Π µβµ . (193)
Furthermore, by combining Eqs. (192) and (193), we obtain
Π µδµ = 2
(
∂µT
µδ − ∂δT ) . (194)
Taking the divergence of expression (188) and inserting Eq. (191) in the first term on the right-hand
side yields
Tαβ = ∂δΠ
αβδ − 1
2
gαβ∂δΠ
µδ
µ −
1
3
∂βΠα µµ −
1
3
∂αΠβ µµ
= −m2Tαβ +m2gαβT − 1
2
gαβ∂δΠ
µδ
µ −
1
3
∂αΠβ µµ −
1
3
∂βΠα µµ . (195)
We now employ Eq. (193) with the fact that Παβµ is symmetric in the first two indices to rewrite
the last two terms. We obtain
Tαβ +m2Tαβ −m2gαβT = −1
2
gαβ∂δΠ
µδ
µ +
1
2
∂α∂µT
µβ +
1
4
∂αΠ µβµ
+
1
2
∂β∂µT
µα +
1
4
∂βΠ µαµ . (196)
Finally, Eq. (194) is used to express the remaining canonically conjugate fields by derivatives of
tensor fields. This gives the Fierz-Pauli equation (43). All further steps, i.e., showing that T = 0
and ∂αTαβ = 0 follow now as shown in Sec. 2.3. The covariant Hamilton approach is therefore
completely equivalent to the well-known Lagrangian formulation.
G Boosted polarization tensors
In this appendix, we compute the polarization tensors in a frame where the particle is moving
along the z-axis. To this end, we have to perform a Lorentz boost of the tensors given in Eqs.
(69) – (73).
In general, Lorentz boosts on vectors and tensors are given by:
A′µ = LµνA
ν , (197)
B′αβ = LαµL
β
νB
µν , (198)
where
Lµν =


γ 0 0 −βγ
0 1 0 0
0 0 1 0
−βγ 0 0 γ

 ,
with β ≡ v being the three-velocity of the moving frame (the velocity of the particle is equal to
−v in this frame) and γ = 1√
1−β2
.
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Then, the polarization tensors transform as:
(ǫ′αβ) =


γ 0 0 −βγ
0 1 0 0
0 0 1 0
−βγ 0 0 γ

 (ǫµν)


γ 0 0 −βγ
0 1 0 0
0 0 1 0
−βγ 0 0 γ

 . (199)
For ~k ′ = (0, 0, k′z) we obtain for λ = 1, . . . , 5:
ǫ′µν(~k ′, 1) =
1√
2


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 ≡ ǫµν(~0, 1) ,
ǫ′µν(~k ′, 2) =
1√
2


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 ≡ ǫµν(~0, 2) ,
ǫ′µν(~k ′, 3) =
1√
2


0 −βγ 0 0
−βγ 0 0 γ
0 0 0 0
0 γ 0 0

 ,
ǫ′µν(~k ′, 4) =
1√
2


0 0 −βγ 0
0 0 0 0
−βγ 0 0 γ
0 0 γ 0

 ,
ǫ′µν(~k ′, 5) =
1√
6


−2β2γ2 0 0 2βγ2
0 1 0 0
0 0 1 0
2βγ2 0 0 −2γ2

 .
Note that the velocity of the particle is k′z/ω
′
k = −v.
It is obvious that the boosted polarization tensors still obey the symmetry and tracelessness
conditions (37) and (38). In order to check whether Eq. (39) is fulfilled, we first compute the
four-momentum of the particle in the moving frame,

γ 0 0 −βγ
0 1 0 0
0 0 1 0
−βγ 0 0 γ




m
0
0
0

 =


γm
0
0
−βγm

 = k′µ ≡


ω′k
0
0
k′z

 ,
which confirms that k′z = −v ω′k. Now one explicitly computes k′µǫ′µν(~k ′, λ) for each λ = 1, . . . , 5
and confirms the validity of Eq. (39).
H Completeness relation
In this appendix, we prove the completeness relation (74). To this end, we note that the left-hand
side of this equation depends on the three-momentum ~k, i.e., in a relativistic setting on the on-shell
four-momentum kµ = (ωk, ~k)T , where ωk =
√
~k 2 +m2. Consequently, we may tensor-decompose
the left-hand side with respect to all possible rank-four tensor products formed from kµ and the
rank-two tensor (75), which projects onto the three-dimensional subspace orthogonal to kµ. Note
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that Gµν is a projector only if kµ is on-shell. The tensor (75) fulfills the relations
GµαG
αν = Gµν , (200)
Gµµ = 3 , (201)
kµGµν = k
µ
(
gµν − kµkν
m2
)
= 0 . (202)
The tensor decomposition reads (see also Ref. [25]):
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ) = AGµνGαβ +B1 GµαGνβ +B2 GµβGνα
+ C1 kαkβGµν + C2 kµkνGαβ +D1 kµkαGνβ +D2 kµkβGνα
+D3 kνkβGµα +D4 kνkαGµβ + E kµkνkαkβ . (203)
The symmetry relation (65) yields the conditions
B1 = B2 ≡ B ,
D1 = D2 = D3 = D4 ≡ D ,
while the symmetry under simultaneous exchange (µν)↔ (αβ) yields
C1 = C2 ≡ C .
Then, Eq. (203) can be simplified as:
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ) = AGµνGαβ +B (GµαGνβ +GµβGνα)
+ C (kαkβGµν + kµkνGαβ) + E kµkνkαkβ
+D (kµkαGνβ + kµkβGνα + kνkβGµα + kνkαGµβ) . (204)
Using Eq. (202) together with Eq. (66) leads to:
0 = kµ
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ)
= C k2kνGαβ +D
(
k2kαGνβ + k
2kβGνα
)
+ E k2kνkαkβ . (205)
Contracting this result further with kν , kα, and kβ , we derive that the coefficients C, D, and E
vanish. This leaves only two undetermined coefficients in Eq. (204),
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ) = AGµνGαβ +B (GµαGνβ +GµβGνα) . (206)
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The condition (67) eliminates one of those coefficients,
0 = gµν
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ)
= AGµµGαβ + 2BGµαG
µ
β
= (3A+ 2B)Gαβ . (207)
Inserting the solution A = −2B/3 into Eq. (206) we find
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ) = 2B
[
1
2
(GµαGνβ +GµβGνα)− 1
3
GµνGαβ
]
. (208)
Finally, we determine the overall factor B. This will be done using the orthonormality condition
(68). Together with the properties (200), (201) we obtain
5 =
5∑
λ=1
δλλ = 2B
[
1
2
(9 + 3)− 1
3
3
]
= 10B −→ B = 1
2
.
As a final result, the completeness relation reads:
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ) =
1
2
(GµαGνβ +GµβGνα)− 1
3
GµνGαβ , (209)
cf. Eq. (74). This expression appears also in the numerator of the tree-level propagator discussed
in Sec. 2.8. We remark that taking the value B = 1/2 is consistent with the normalization of the
tree-level propagator. (For a different choice, see Ref. [25, p.33].)
I Inversion of the differential operator
In order to compute the tree-level propagator for spin-two fields explicitly, one has to insert the
differential operator (76) and the ansatz (78) into Eq. (77) and compare the coefficients of the
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individual expressions:
1
2
(
gσν g
λ
ρ + g
λ
ν g
σ
ρ
)
=
[
1
2
(
k2 −m2) (gναgρβ + gνβgρα − 2 gνρgαβ)
− 1
2
(gρβkνkα + gραkνkβ + gναkρkβ + gνβkρkα − 2 gνρkαkβ − 2 gαβkνkρ)
]
× [A (gασgβλ + gαλgβσ)+B gαβgσλ
+ C
(
gβλkαkσ + gβσkαkλ + gασkβkλ + gαλkβkσ
)
+D
(
gσλkαkβ + gαβkσkλ
)
+ E kαkβkσkλ
]
=
1
2
(
k2 −m2) [2A (gσν gλρ + gλν gσρ − 2 gνρgσλ)− 6B gνρgσλ
+ 2C
(
gλρkνk
σ + gσρkνk
λ + gσν kρk
λ + gλν kρk
σ − 4 gνρkσkλ
)
+ 2D
(
gσλkνkρ − 3 gνρkσkλ − gνρgσλk2
)
+ 2E
(
kνkρk
σkλ − gνρkσkλk2
)]
− 1
2
[
2A
(
gλρkνk
σ + gσρkνk
λ + gσν kρk
λ + gλνkρk
σ − 2 gνρkσkλ − 2 gσλkνkρ
)
− 2B (2 gσλkνkρ + gνρgσλk2)
+ 2C
(
gλρkνk
σk2 + gσρkνk
λk2 + gλνkρk
σk2 + gσν kρk
λk2 − 4 gνρkσkλk2
)
+ 2D
(
gσλkνkρk
2 − gνρkσkλk2 − gσλgνρ(k2)2 − 2 kνkρkσkλ
)
+ 2E
(
kνkρk
σkλk2 − gνρkσkλ(k2)2
)]
. (210)
Equating coefficients term by term one finds:
1. gσν g
λ
ρ and g
λ
ν g
σ
ρ :
−→ A = 1
2 (k2 −m2) . (211)
2. gλρkνk
σ, gλνkρk
σ, gσρ kνk
λ and gσν kρk
λ:
0 =
1
2
(
k2 −m2) 2C − 1
2
(
2A+ 2Ck2
)
= −m2C −A , (212)
−→ C = − 1
2 (k2 −m2)
1
m2
. (213)
3. gνρk
σkλ:
0 = −1
2
(
k2 −m2) (8C + 6D+ 2Ek2)+ 2A+ 4Ck2 +Dk2 + E (k2)2
= −2Dk2 + 3Dm2 + 4Cm2 + Em2k2 + 2A . (214)
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−→ − 1
k2 −m2 = 2Dk
2 − 3Dm2 − Em2k2 . (215)
4. kνkρk
σkλ:
0 =
(
k2 −m2)E + 2D − Ek2
= −m2E + 2D . (216)
−→ E = 2D
m2
. (217)
Using this in Eq. (215) we obtain:
D =
1
3 (k2 −m2)
1
m2
. (218)
Inserting this into Eq. (217) results in
E =
2
3 (k2 −m2)
1
m4
. (219)
5. gσλkνkρ:
0 =
1
2
(
k2 −m2) 2D + 2A+ 2B −Dk2
= −Dm2 + 2A+ 2B . (220)
Inserting Eqs. (211) and (218) leads to:
B = − 1
3 (k2 −m2) . (221)
6. gνρg
σλ:
Although all coefficients are already determined the coefficient of this tensor structure leads to the
condition
0 = −1
2
(
k2 −m2) (4A+ 6B + 2Dk2)+Bk2 +D(k2)2 . (222)
Inserting the results (211), (218), and (221), we observe that this expression vanishes identically.
We now insert Eqs. (211), (213), (219), (218), and (221) into Eq. (78) and obtain the tree-level
propagator as:
Pαβσλ =
1
2
1
k2 −m2
[
gασgβλ + gαλgβσ − 2
3
gαβgσλ
− 1
m2
(gβλkαkσ + gβσkαkλ + gασkβkλ + gαλkβkσ)
+
2
3m2
(gσλkαkβ + gαβkσkλ) +
4
3m4
kαkβkσkλ
]
. (223)
The result can be expressed in terms of the projector (75) to assume the form given in Eq. (79).
J Commutation relations
In this appendix we compute the commutators (88), (89), and (90) for the quantized spin-two
field (82) and its quantized canonically conjugate field (83). We start with the derivation of the
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commutation relation (88). With the help of the commutators (84) we obtain
[
Tˆµν (x), Tˆαβ (y)
]
−
=
∫
d3k d3k′
(2π)3
1
4ωkωk′
5∑
λ,λ′=1
ǫµν(~k, λ)ǫαβ(~k
′, λ′)
×
{[
aˆ(~k, λ), aˆ(~k′, λ′)
]
−
e−ikx−ik
′y +
[
aˆ(~k, λ), aˆ†(~k′, λ′)
]
−
e−ikx+ik
′y
+
[
aˆ†(~k, λ), aˆ(~k′, λ′)
]
−
e+ikx−ik
′y +
[
aˆ†(~k, λ), aˆ†(~k′, λ′)
]
−
e+ikx+ik
′y
}
=
∫
d3k d3k′
(2π)3
1
4ωkωk′
5∑
λ,λ′=1
ǫµν(~k, λ)ǫαβ(~k
′, λ′)
×
[
2ωk δλλ′ δ
(3)(~k − ~k′)e−ikx+ik′y − 2ωk δλλ′ δ(3)(~k − ~k′)e+ikx−ik
′y
]
=
∫
d3k√
2π
6
1
2ωk
5∑
λ=1
ǫµν(~k, λ)ǫαβ(~k, λ)
[
e−ik(x−y) − e+ik(x−y)
]
. (224)
With the completeness relation (74) this becomes
[
Tˆµν (x), Tˆαβ (y)
]
−
=
∫
d3k
(2π)3
1
2ωk
(
−1
3
gµνgαβ +
1
2
gµαgνβ +
1
2
gµβgνα +
1
3
gµν
kαkβ
m2
+
1
3
gαβ
kµkν
m2
−1
2
gµα
kνkβ
m2
− 1
2
gνα
kµkβ
m2
− 1
2
gµβ
kνkα
m2
− 1
2
gνβ
kµkα
m2
+
2
3
kµkνkαkβ
m4
)
×
[
e−ik(x−y) − e+ik(x−y)
]
. (225)
We restrict ourself to spatial components,
[
Tˆij (x), Tˆkl (y)
]
−
=
∫
d3k
(2π)3
1
i ωk
(
−1
3
δijδkl +
1
2
δikδjl +
1
2
δilδjk − 1
3
δij
kkkl
m2
− 1
3
δkl
kikj
m2
+
1
2
δik
kjkl
m2
+
1
2
δjk
kikl
m2
+
1
2
δil
kjkk
m2
+
1
2
δjl
kikk
m2
+
2
3
kikjkkkl
m4
)
sin[k(x − y)] .
(226)
We identify three different types of integrals:
I(x − y) ≡
∫
d3k
(2π)3 ωk
sin[k(x− y)] ,
Iij(x− y) ≡
∫
d3k
(2π)3 ωk
kikj sin[k(x− y)] ,
Iijkl(x− y) ≡
∫
d3k
(2π)3 ωk
kikjkkkl sin[k(x− y)] .
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We consider only equal-time commutation relation, and thus these integrals have to be evaluated
at equal times tx = ty ≡ t,
I(~x − ~y) = −
∫
d3k
(2π)3 ωk
sin[~k · (~x− ~y)] ,
Iij(~x− ~y) = −
∫
d3k
(2π)3 ωk
kikj sin[~k · (~x− ~y)] ,
Iijkl(~x− ~y) = −
∫
d3k
(2π)3 ωk
kikjkkkl sin[~k · (~x− ~y)] .
Considering the symmetry of the integrands, one can convince oneself that all three integrals
vanish identically and we obtain the commutation relation (88).
The calculation of the second commutator proceeds analogously. We utilize the fact that the
quantized canonically conjugate fields (83) can be expressed in terms of time derivatives of the
quantized spin-two fields (82), cf. Eq. (55):[
Πˆµν(x), Πˆαβ(y)
]
−
= ∂x0∂
y
0
[
Tˆµν (x), Tˆαβ (y)
]
−
, (227)
where we used the fact that the derivative with respect to ty(tx) commutes with the field Tˆµν(x)
(Tˆαβ(y)). Using Eq. (225) we observe that the two time derivatives yield a factor ω2k under the
integral. Since this does not change the symmetry of the integrand, we conclude that also[
Πˆij(t, ~x), Πˆlk(t, ~y)
]
−
= 0 . (228)
In order to derive the commutation relation (90), we again use Eq. (55) and take the time
derivative out of the commutator (225),[
Tˆµν (x), Πˆαβ(y)
]
−
= ∂y0
[
Tˆµν (x), Tˆαβ (y)
]
−
. (229)
Note that the time derivative yields a factor ±iωk in front of the first (second) exponential in Eq.
(225). This then yields
[
Tˆµν (x), Πˆαβ(y)
]
−
=
∫
d3k
(2π)3
(
−1
3
gµνgαβ +
1
2
gµαgνβ +
1
2
gµβgνα +
1
3
gµν
kαkβ
m2
+
1
3
gαβ
kµkν
m2
−1
2
gµα
kνkβ
m2
− 1
2
gνα
kµkβ
m2
− 1
2
gµβ
kνkα
m2
− 1
2
gνβ
kµkα
m2
+
2
3
kµkνkαkβ
m4
)
× i cos[k(x− y)] . (230)
Restricting ourself to spatial components we find:
[
Tˆij (x), Πˆkl(y)
]
−
=
∫
d3k
(2π)3
(
−1
3
δijδkl +
1
2
δikδjl +
1
2
δilδjk − 1
3
δij
kkkl
m2
− 1
3
δkl
kikj
m2
+
1
2
δik
kjkl
m2
+
1
2
δjk
kikl
m2
+
1
2
δil
kjkk
m2
+
1
2
δjl
kikk
m2
+
2
3
kikjkkkl
m4
)
× i cos[k(x − y)] . (231)
There are again three different types of integrals which have to be discussed for equal times
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tx = ty ≡ t:
J (~x − ~y) ≡
∫
d3k
(2π)3
cos[~k · (~x− ~y)] =
∫
d3k
(2π)3 2
[
e+i
~k·(~x−~y) + e−i
~k·(~x−~y)
]
= δ3(~x− ~y) , (232)
Jij(~x − ~y) ≡
∫
d3k
(2π)3
kikj cos[~k · (~x− ~y)] = −∂i∂jδ3(~x− ~y) , (233)
Jijkl(~x − ~y) ≡
∫
d3k
(2π)3
kikjkkkl cos[~k · (~x− ~y)] = ∂i∂j∂k∂lδ3(~x − ~y) . (234)
Here we used the first integral to write the second and third in a compact form.
Combining all results the equal-time commutation relation reads
[
Tˆij (t, ~x), Πˆlk(t, ~y)
]
−
=
(
−1
3
δijδkl +
1
2
δikδjl +
1
2
δilδjk +
1
3
δij
∂k∂l
m2
+
1
3
δkl
∂i∂j
m2
− 1
2
δik
∂j∂l
m2
−1
2
δjk
∂i∂l
m2
− 1
2
δil
∂j∂k
m2
− 1
2
δjl
∂i∂k
m2
+
2
3
∂i∂j∂k∂l
m4
)
i δ3(~x− ~y)
=
[
1
2
(
G˜ikG˜jl + G˜ilG˜jk
)− 1
3
G˜ijG˜kl
]
i δ3(~x− ~y) , (235)
where we used G˜ij from Eq. (91).
K Calculating the operators for conserved quantities
In this appendix, we show the calculations leading to the operators described in Sec. 3.2. We
start with the Hamilton operator. One inserts the quantized fields (82) and (83) into Eq. (56) and
arranges the resulting terms according to products of annihilation and creation operators:
Hˆ =
1
2
∫
d3x
(
ΠˆµνΠˆ
µν + ~∇Tˆµν · ~∇Tˆ µν +m2Tˆµν Tˆ µν
)
=
1
2
∫
d3x
∫
d3k d3k′
(2π)34ωkωk′
5∑
λ,λ′=1
ǫµν(~k, λ)ǫ
µν(~k′, λ′)
×
[
aˆ(~k, λ)aˆ(~k′, λ′)
(
−ωkωk′ − ~k · ~k′ +m2
)
e−i(k+k
′)x
+ aˆ(~k, λ)aˆ†(~k′, λ′)
(
ωkωk′ + ~k · ~k′ +m2
)
e−i(k−k
′)x
+ aˆ†(~k, λ)aˆ(~k′, λ′)
(
ωkωk′ + ~k · ~k′ +m2
)
e+i(k−k
′)x
+ aˆ†(~k, λ)aˆ†(~k′, λ′)
(
−ωkωk′ − ~k · ~k′ +m2
)
e+i(k+k
′)x
]
. (236)
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Using the completeness relation for the plane waves,
∫
d3xei(
~k∓~k ′)·~x = (2π)3δ3(~k ∓ ~k ′) we obtain
Hˆ =
1
2
∫
d3k d3k′
(2π)34ωkωk′
5∑
λ,λ′=1
ǫµν(~k, λ)ǫ
µν(~k′, λ′)
×
[
aˆ(~k, λ)aˆ(~k′, λ′)
(
−ωkωk′ − ~k · ~k′ +m2
)
e−i(ωk+ωk′ )t (2π)3 δ3(~k + ~k′)
+ aˆ(~k, λ)aˆ†(~k′, λ′)
(
ωkωk′ + ~k · ~k′ +m2
)
e−i(ωk−ωk′)t (2π)3 δ3(~k − ~k′)
+ aˆ†(~k, λ)aˆ(~k′, λ′)
(
ωkωk′ + ~k · ~k′ +m2
)
e+i(ωk−ωk′)t (2π)3 δ3(~k − ~k′)
+ aˆ†(~k, λ)aˆ†(~k′, λ′)
(
−ωkωk′ − ~k · ~k′ +m2
)
e+i(ωk+ωk′ )t (2π)3 δ3(~k + ~k′)
]
=
1
2
∫
d3k 2(ωk)2
4(ωk)2
5∑
λ,λ′=1
ǫµν(~k, λ)ǫ
µν(~k, λ′)
[
aˆ(~k, λ)aˆ†(~k, λ′) + aˆ†(~k, λ)aˆ(~k, λ′)
]
.
Employing the orthogonality relation (68) and the commutation relation (84), we arrive at
Hˆ =
1
2
∫
d3k
5∑
λ=1
[
aˆ†(~k, λ)aˆ(~k, λ) + ωk δ
3(0)
]
. (237)
The definition (87) of the number operator then yields Eq. (92).
In complete analogy one determines the momentum operator as the quantized version of Eq.
(57):
~ˆP = −
∫ (
Πˆαβ ~∇Tˆαβ
)
d3x
= −
∫
d3k d3k′
(2π)34ωkωk′
5∑
λ,λ′=1
ǫµν(~k, λ)ǫ
µν(~k′, λ′)
×
[
aˆ(~k, λ)aˆ(~k′, λ′)
(
ωk~k
′
)
e−i(ωk+ωk′)t (2π)3 δ3(~k + ~k′)
+ aˆ(~k, λ)aˆ†(~k′, λ′)
(
−ωk~k′
)
e−i(ωk−ωk′)t (2π)3 δ3(~k − ~k′)
+ aˆ†(~k, λ)aˆ(~k′, λ′)
(
−ωk~k′
)
e+i(ωk−ωk′)t (2π)3 δ3(~k − ~k′)
+ aˆ†(~k, λ)aˆ†(~k′, λ′)
(
ωk~k
′
)
e+i(ωk+ωk′ )t (2π)3 δ3(~k + ~k′)
]
=
∫
d3k ~k
4ωk


5∑
λ,λ′=1
ǫµν(~k, λ)ǫ
µν(~k, λ′)
[
aˆ†(~k, λ′)aˆ(~k, λ) + aˆ†(~k, λ)aˆ(~k, λ′) + 2ωkδλλ′δ
3(0)
]
+
5∑
λ,λ′=1
ǫµν(~k, λ)ǫ
µν(−~k, λ′)
[
aˆ(~k, λ)aˆ(−~k, λ′)e−2iωkt + aˆ†(~k, λ)aˆ†(−~k, λ′)e+2iωkt
]
 ,
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where we used the commutation relation (84). We now observe that last term in the first line
and all terms in the second line vanish, since the integrand is an odd function of ~k. Using the
orthogonality relation (68) and the definition (87) we then obtain Eq. (93).
Next we calculate the spin operator. We first quantize Eq. (61), where we select the z–direction
as quantization axis:
Sˆz = −2
∫
d3x
(
Πˆ1ρTˆ
2ρ − Πˆ2ρTˆ 1ρ
)
= −2 i
∫
d3k d3k′
(2π)34ωk′
5∑
λ,λ′=1
[
ǫ1ρ(~k, λ)ǫ
2ρ(~k′, λ′)− ǫ2ρ(~k, λ)ǫ1ρ(~k′, λ′)
]
×
[
−aˆ(~k, λ)aˆ(~k′, λ′)e−i(ωk+ωk′ )t (2π)3 δ3(~k + ~k′)
− aˆ(~k, λ)aˆ†(~k′, λ′)e−i(ωk−ωk′)t (2π)3 δ3(~k − ~k′)
+ aˆ†(~k, λ)aˆ(~k′, λ′)e+i(ωk−ωk′ )t (2π)3 δ3(~k − ~k′)
+ aˆ†(~k, λ)aˆ†(~k′, λ′)e+i(ωk+ωk′)t (2π)3 δ3(~k + ~k′)
]
= −i
∫
d3k
2ωk


5∑
λ,λ′=1
[
ǫ1ρ(~k, λ)ǫ
2ρ(−~k, λ′)− ǫ2ρ(~k, λ)ǫ1ρ(−~k, λ′)
]
×
[
−aˆ(~k, λ)aˆ(−~k, λ′)e−2iωkt + aˆ†(~k, λ)aˆ†(−~k, λ′)e2iωkt
]
+
5∑
λ,λ′=1
[
ǫ1ρ(~k, λ)ǫ
2ρ(~k, λ′)− ǫ2ρ(~k, λ)ǫ1ρ(~k, λ′)
]
×
[
−aˆ(~k, λ)aˆ†(~k, λ′) + aˆ†(~k, λ)aˆ(~k, λ′)
]
 .
Taking a closer look at the first sum, we see that it vanishes by symmetry when we substitute
~k → −~k and exchange λ↔ λ′. We thus arrive at
Sˆz = −i
∫
d3k
2ωk
5∑
λ,λ′=1
[
ǫ1ρ(~k, λ)ǫ
2ρ(~k, λ′)− ǫ2ρ(~k, λ)ǫ1ρ(~k, λ′)
] [
aˆ†(~k, λ)aˆ(~k, λ′)− aˆ(~k, λ)aˆ†(~k, λ′)
]
.
Further progress is made by employing the explicit form of the polarization tensors. Here it does
not matter whether we use the polarization tensors in the rest frame, Eqs. (69) – (73), or the
boosted ones from App. G. It turns out that only the terms (λ, λ′) = (1, 2), (2, 1), (3, 4), (4, 3)
give a nonvanishing contribution:
Sˆz = −i
∫
d3k
4ωk
{
2
[
aˆ†(~k, 1)aˆ(~k, 2)− aˆ(~k, 1)aˆ†(~k, 2)
]
− 2
[
aˆ†(~k, 2)aˆ(~k, 1)− aˆ(~k, 2)aˆ†(~k, 1)
]
+
[
aˆ†(~k, 3)aˆ(~k, 4)− aˆ(~k, 3)aˆ†(~k, 4)
]
−
[
aˆ†(~k, 4)aˆ(~k, 3)− aˆ(~k, 4)aˆ†(~k, 3)
]}
= −i
∫
d3k
2ωk
[
−2 aˆ†(~k, 2)aˆ(~k, 1) + 2 aˆ†(~k, 1)aˆ(~k, 2)− aˆ†(~k, 4)aˆ(~k, 3) + aˆ†(~k, 3)aˆ(~k, 4)
]
. (238)
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This operator is not diagonal and cannot be directly expressed via number operators. This is,
however, possible by switching the basis of polarization tensors to a circularly polarized one:
aˆ(~k,+) =
1√
2
[
aˆ(~k, 1)− iaˆ(~k, 2)
]
,
aˆ(~k,−) = 1√
2
[
aˆ(~k, 1) + iaˆ(~k, 2)
]
,
aˆ(~k,∆) =
1√
2
[
aˆ(~k, 3)− iaˆ(~k, 4)
]
,
aˆ(~k,) =
1√
2
[
aˆ(~k, 3) + iaˆ(~k, 4)
]
,
aˆ(~k, 0) = aˆ(~k, 5) . (239)
The inverse transformations are given by:
aˆ(~k, 1) =
1√
2
[
aˆ(~k,+) + aˆ(~k,−)
]
,
aˆ(~k, 2) =
i√
2
[
aˆ(~k,+)− aˆ(~k,−)
]
,
aˆ(~k, 3) =
1√
2
[
aˆ(~k,∆) + aˆ(~k,)
]
,
aˆ(~k, 4) =
i√
2
[
aˆ(~k,∆)− aˆ(~k,)
]
,
aˆ(~k, 5) = aˆ(~k, 0) .
Finally, using the operators (239) one finds an elegant expression for the z-component of the spin
operator:
Sˆz =
∫
d3k
2ωk
{
2
[
aˆ†(~k,+)aˆ(~k,+)− aˆ†(~k,−)aˆ(~k,−)
]
+
[
aˆ†(~k,∆)aˆ(~k,∆)− aˆ†(~k,)aˆ(~k,)
]}
.
(240)
Defining appropriate number operators for the individual polarization directions in analogy to Eq.
(87), we arrive at expression (94).
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